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PART  I 


EFFICIENT  ANALYSIS  OF  INFINITE 
MICROSTRIP  ANTENNA  ARRAYS  ON  ELECTRICALLY 
THICK  SUBSTRATES 

BY 


S.  M.  WRIGHT 


ABSTRACT 


Infinite  arrays  of  microstrip  antennas  on  electrically  thick 
substrates  are  analyzed  using  an  efficient  moment  method  solution.  The 
computation  of  the  matrix  elements,  ordinarily  very  time-consuming,  is 
performed  efficiently  using  series  acceleration  techniques.  Because  the 
Green's  function  for  the  dielectric  slab  is  used,  the  solution  is  not 
restricted  to  thin  substrates.  In  addition,  the  efficient  computation  of 
the  matrix  elements  allows  large  numbers  of  basis  functions  to  be  used 
with  reasonable  execution  times,  providing  the  basis  for  a  general 
solution  technique. 

The  method  is  applied  to  the  analysis  of  infinite  arrays  of 
microstrip  dipoles.  In  an  attempt  to  further  improve  the  efficiency  of 
the  solution,  several  thin-wire  approximations  are  made,  and  their  range 
of  validity  is  discussed.  It  is  found  that  the  approximations 
significantly  improve  the  efficiency  of  the  solution,  but  are  only  valid 
for  dipoles  with  widths  less  than  approximately  0.02 X^.  A  series  of 
waveguide  simulator  experiments  were  conducted  which  demonstrated  the 
validity  of  the  theory.  Several  arrays  were  modeled,  both  with  and  with¬ 
out  radomes.  Because  the  effects  of  surface  waves  are  included  through 
the  use  of  the  Green’s  function  for  the  grounded  dielectric  substrate  and 


the  Infinite  array  formulation,  blind  angles  in  the  array  scan  performance 
are  accurately  predicted. 


ii 

An  initial  analysis  of  arrays  of  microstrip  patches  on  thick 
substrates  is  discussed.  Because  of  the  lack  of  published  results  and  the 
complexity  of  a  suitable  experiment,  the  theory  was  initially  tested  by 
treating  the  array  of  patches  as  a  scatterer.  Good  agreement  with  inde¬ 
pendently  computed  current  distributions  on  single  plate  scatterers  is 
observed  if  the  array  spacing  is  several  times  the  plate  size  and  for 
similar  separations  from  the  ground  plane.  Based  on  this  agreement  and 
the  success  of  the  dipole  results,  several  examples  are  presented  for 
probe-fed  microstrip  patches,  using  a  simplified  feed  model  commonly  used 
in  the  analysis  of  patches  on  very  thin  substrates. 
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4.28  Reactance  of  a  microstrip  dipole  in  an  infinite  array  as  a 
function  of  lattice  spacing,  a  -  .0002  Ag,  b  ■  0.317  Aq, 
t  -  0.1016  Aq,  Cj  -  3.25  . 
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CHAPTER  1 


INTRODUCTION 

One  of  the  most  active  areas  of  research  in  the  antenna  field  in 
recent  years  has  been  microstrip  antennas.  Recently,  there  has  been  a 
great  deal  of  interest  in  arrays  made  of  microstrip  antennas,  as  their 
printed  circuit  constructions  make  them  well-suited  for  use  in  large  scan¬ 
ning  arrays.  A  section  of  a  microstrip  patch  array  is  illustrated  in 
Figure  1.1.  One  major  disadvantage  of  the  microstrip  antenna  is  its  low  i 

bandwidth.  It  is  well-known  that  increased  bandwidth  can  be  obtained  by 
increasing  the  thickness  of  the  substrate  on  which  the  microstrip  antenna 
is  printed.  While  the  compact  size  of  these  antennas  is  one  of  I 

their  major  advantages,  in  many  applications  one  will  accept  the  increased 
thickness  for  the  gain  in  bandwidth.  In  addition,  millimeter-wave  arrays 
can  be  built  on  substrates  which  can  be  electrically  thick,  but  still 
physically  thin.  Unfortunately,  many  analysis  techniques  employ 
approximations  which  are  valid  only  for  thin  substrates.  Other  more 
general  approaches  suffer  from  a  lack  of  computational  efficiency,  which 
in  practice  can  restrict  their  usefulness  due  to  high  computational  costs. 

This  report  uses  a  general  moment  method  [1]  approach  to  analyze  infinite 
arrays  of  microstrip  dipoles  and  patches  on  thick  substrates.  A  summation 
technique  [2-4]  is  used  to  significantly  improve  the  computational 
efficiency  of  the  solution  compared  to  the  approach  commonly  used, 
discussed  below. 

Many  techniques,  using  different  levels  of  approximation,  are 
available  to  analyze  a  variety  of  microstrip  antennas.  An  excellent 


review  of  theoretical  and  practical  design  techniques  is  contained  in  a 
paper  by  Carver  and  Mink  [ 5 J .  In  addition,  Mailloux,  Mcllvenna  and 
Kernwels  [ 6 J  authored  a  companion  paper  on  microstrip  array  technology. 
These  papers  cover  the  development  of  the  subject  until  early  1981.  No 
attempt  will  be  made  to  update  these  reviews  here,  but  several  of  the 
recent  developments  will  be  mentioned,  along  with  a  brief  discussion  of 
two  of  the  more  widely  used  of  the  earlier  techniques.  The  analysis  of 
individual  microstrip  antennas  is  discussed  first,  continuing  with  a 
discussion  of  array  analysis  techniques. 

Using  microstrip  patches  as  radiators  was  first  reported  thirty  years 
ago  by  Deschamps  [7].  However,  only  in  the  last  ten  years  has  much 
theoretical  analysis  been  done.  One  simple  technique  to  analyze 
rectangular  patches  is  the  transmission  line  model  L 8 J .  A  microstrip  fed 
patch,  as  shown  in  Figure  1.2,  is  modeled  by  two  narrow  slots  radiating 
into  a  half  space.  The  impedance  of  the  antenna  is  simply  given  as  the 
impedance  of  slot  A  in  parallel  with  the  transformed  impedance  of  slot  B. 
The  patch  simply  acts  as  a  low  impedance  microstrip  transmission  line. 
The  impedance  of  each  slot  is  easily  determined  [9,  page  183],  and  the 
transformation  down  the  transmission  line  is  straightforward.  This  model 
is  restricted  to  analysis  of  patches  on  thin  substrates,  primarily  for 
rectangular  patches  fed  at  the  edge. 

A  more  complete  theory  was  reported  by  Lo,  Richards  and  Solomon 
[10,11]  in  which  the  area  under  the  patch  is  modeled  as  a  cavity  bounded 
by  perfect  electric  conducting  (PEC)  walls  on  the  top  and  bottom  and 
perfect  magnetic  conducting  (PMC)  walls  on  the  four  sides.  This  model  is 
founded  in  three  simple  observations  [10],  which  are  approximately  true 
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Illustration  of  transmission  line  model  (from  |5J) 


for  thin  substrates: 


(L)  The  electric  field  under  the  patch  has  only  a  z  component,  and 
the  magnetic  field  has  only  x  and  y  components  (z  is  normal  to  the 
patch) . 

(2)  The  fields  under  the  patch  are  independent  of  z. 

(3)  The  normal  component  of  the  electric  current  on  the  patch  normal 
to  the  edge  goes  to  zero  at  the  edge.  Hence,  there  is  no  tangential 
component  of  the  H  field  at  the  sides  of  the  cavity,  to  the  degree 
that  the  above  conditions  are  satisfied. 

As  long  as  these  conditions  are  approximately  true,  the  cavity  model  can 
be  used.  The  analysis  proceeds  by  expanding  the  fields  inside  the  cavity 
in  a  complete  set  of  cavity  expansion  modes.  The  coefficient  of  each  mode 
is  found  from  the  particular  feed  used,  and  the  internal  fields  of  the 
cavity  are  found  by  summing  all  of  the  modal  fields.  Equivalent  magnetic 
currents  on  the  PMC  walls  are  found,  and  finally  the  radiation  of  the 
antenna  is  found  from  these  currents. 

This  model  provides  excellent  results  for  patches  on  thin  substrates. 
It  is  equally  applicable  to  rectangular,  elliptical  and  circular  patches, 
indeed  any  patch  configuration  for  which  the  cavity  modes  can  be  found, 
and  thus  is  general  enough  to  allow  treatment  of  dual-frequency  and 
circular-polarization  antennas. 

The  final  approximate  technique  to  be  discussed  is  a  moment  method 
approach  used  by  Newman  and  Tulyathan  [12].  In  their  approach  the 
dielectric  substrate  is  replaced  by  volume  equivalence  currents,  and  the 


ground  plane  is  removed  by  image  theory.  They  then  solve  the  new  free 
space  problem  with  standard  surface  patch  techniques.  Newman  and 
Tulyathan  calculated  results  for  rectangular  patches,  with  results  which 
were  comparable  to  the  more  simple  cavity  model.  Their  approach  requires 
extremely  precise  evaluation  of  the  impedance  matrix  elements  due  to  the 
close  proximity  of  the  patch  and  its  image.  This  model  does  not  appear  to 
have  any  significant  advantage  over  the  cavity  model  except  for  its 
applicability  to  patches  of  more  general  shape. 

In  order  to  Improve  upon  these  approximate  techniques,  several 
authors  have  attempted  to  solve  an  integral  equation  for  the  current  on 
the  antenna  using  the  method  of  moments  and  employing  the  exact  Green's 
function  for  the  grounded  dielectric  substrate.  The  use  of  the  rigorous 
Green's  function  is  particularly  important  when  analyzing  arrays  in  order 
to  include  the  effects  of  surface  waves,  which  can  cause  severe  mismatch 
at  certain  scan  angles  in  large  arrays,  or  scan  blindness  in  infinite 
arrays  1 13].  Most  of  these  authors  use  entire  domain  basis  and  testing 
functions  best  suited  to  the  geometry  of  the  patch  they  are  analyzing 
[14-17].  Others,  however,  use  a  more  general  approach  employing 
subsectional  basis  and  testing  functions  [18-22],  which  is  the  approach 
used  in  this  work.  All  of  these  authors  use  a  spectral  domain  moment 
method  formulation  [23],  which  requires  the  evaluation  of  Sommerfeld 
integrals  to  evaluate  the  elements  of  the  generalized  impedance  matrix. 
The  evaluation  of  these  integrals  can  consume  a  great  deal  of  computer 
time,  thus,  in  practice  can  reduce  the  number  of  basis  functions  used 
to  represent  the  unknown  current  distribution,  restricting  the  generality 
of  the  solution.  A.exopoulos  and  Rana  [21,22]  have  used  an  acceleration 


technique  to  improve  the  computational  efficiency  of  their  solution  for 
microstrip  dipoles,  but  they  have  not  as  yet  extended  their  solution  to 
microstrip  patches,  or  large  arrays  of  dipoles  or  patches.  Still,  the 
agreement  with  experimental  results  for  thin  microstip  antennas  is  very 
good  using  this  method.  In  principle,  the  method  is  extendable  to  the 
analysis  of  patches  on  thick  substrates.  However,  as  shown  in  Chapter  5, 
the  complicated  current  distribution  in  the  feed  region  requires  either 
the  use  of  more  basis  functions  as  is  done  here,  or  a  separate  treatment 
of  the  feed  region  currents  as  done  by  Chew  and  Kong  [15]  for  the 
circular  patch. 

The  analysis  of  antenna  arrays  requires  one  to  include  the  effects  of 
mutual  impedances  between  antenna  elements.  One  approach  to  this  problem, 
called  the  element-by-element  approach  [24],  is  to  individually  calculate 
the  mutual  impedance  between  elements.  Several  authors  have  sucessfully 
used  the  spectral  domain  moment  method  approach  to  compute  the  mutual 
impedance  between  microstrip  dipoles  [22]  and  microstrip  patches  [18,20]. 
Recently,  this  technique  has  been  applied  to  the  analysis  of  finite  linear 
arrays  [25,26].  However,  this  approach  also  requires  the  evaluation  of 
Sommerfeld  integrals,  and  can  require  the  solution  of  prohibitively  large 
matrix  equations  to  analyze  large  arrays. 

A  more  computationally  efficient  approach  to  the  analysis  of  large 
arrays  is  the  infinite  array  approach  [27].  Assuming  certain  other 
conditions  are  met,  this  approach  is  useful  for  arrays  large  enough  that 
the  central  elements  can  be  considered  to  be  operating  in  an  infinite 
array  environment.  Aside  from  its  computational  advantages,  the  chief 
advantages  of  this  approach  are  that  the  mutual  coupling  effects  are  built 


in  and  that  it  is  only  necessary  to  determine  the  current  on  one  element 


in  the  array.  Floquet's  theorem  [28]  ensures  that  the  current  on  any 
other  element  differs  only  by  a  phase  shift,  determined  by  the  array 
excitation.  While  the  minimum  size  of  the  array  for  which  such  an 
approach  can  be  used  for  the  central  elements  depends  on  several 
factors  including  beam  scan  angle  and  element  geometry,  this  is  a  widely 
used  approach  and  certainly  applicable  to  the  analysis  of  scanning  arrays 
with  hundreds  of  elements  [29-31).  In  addition,  to  this  condition,  the 
array  has  to  be  periodic  and  uniformly  excited  with  only  a  constant 
incremental  phase  shift  between  elements.  Several  references  contain 
detailed  discussions  of  this  approach  [24,28,31]. 

The  analysis  of  an  infinite  array  of  antennas  using  the  infinite 
array  approach  is  very  similar  to  the  analysis  of  a  single  element  using 
the  spectral  domain  moment  method.  The  major  difference  between  the 
formulations  of  the  two  methods  is  that  the  Integrand  of  the  Sommerfeld 
integrals,  which  arise  in  the  single  element  problem,  becomes  discrete  in 
the  array  problem,  leading  to  an  infinite  summation  Instead  of  an 
infinite  integral.  In  fact,  as  pointed  out  by  Munk.  and  Burrell  [32], 
averaging  the  Impedance  of  an  element  in  an  infinite  array  over  all  scan 
angles  in  real  space  gives  the  impedance  of  the  single  element.  They 
refer  to  this  technique  as  the  array  scanning  method.  Unfortunately,  as 
a  direct  result  of  the  similarity  between  the  two  problems,  the  Infinite 
summations  which  replace  the  Sommerfeld  integrals  of  the  single  element 
problem  are  slowly  convergent,  resulting  in  the  same  practical 
limitations  due  to  computational  cost  and  time. 


This  technique  has  been  used  by  many  authors,  and  is  the  approach 


used  in  this  report.  Recently,  Pflug  and  Schuman  [33]  have  used  it  to 
analyze  infinite  arrays  of  microstrip  patches  on  very  thin  substrates. 
Their  approach  solves  for  the  equivalent  magnetic  current  loops  around  the 
exterior  of  the  patch.  This  approach  allows  them  to  handle  a  wide 
variety  of  problems,  but  it  is  currently  limited  to  the  analysis 
of  arrays  of  patches  on  thick  substrates.  Infinite  arrays  of  micro¬ 
strip  dipoles  have  also  been  analyzed  using  this  technique,  by  the 
author  [34,33]  and  simultaneously  and  independently  by  Pozar  and 
Schaubert  [36,37].  The  major  difference  between  the  two  approaches  is  the 
improved  computational  efficiency  obtained  here  by  applying  the  series 
acceleration  methods  discussed  in  Chapter  3.  Finally,  Rubin  and  Bertoni 
have  applied  the  infinite  array  approach  to  analyze  plane-wave  scattering 
by  a  periodically  perforated  plate  and  several  other  problems  [38-40]. 
While  this  work  is  not  directly  applicable  to  the  microstrip  problem,  it 
is  of  interest  here  because  of  the  similar  approach. 

This  work  extends  previous  work  in  two  areas.  First,  results  are 
obtained  for  infinite  arrays  of  microstrip  dipoles  and  patches  on  thick 
substrates.  As  mentioned  previously,  Pozar  and  Schaubert  have  also 
successfully  analyzed  arrays  of  dipoles  since  this  project  was  begun. 
Perhaps  more  importantly,  the  application  of  series  acceleration 
techniques  to  the  microstrip  array  problem  has  significantly  improved  the 
computational  efficiency  of  the  standard  infinite  array  formulation. 

The  remainder  of  Part  I  is  divided  into  five  chapters.  The 
formulation  of  the  problem  is  discussed  in  Chapter  2.  The  formalism  of 
the  periodic  Green's  function  is  used  to  express  the  fields  of  periodic 


current  distributions,  and  use  of  the  method  of  moments  to  obtain  an 
approximate  solution  for  the  patch  current  distribution  is  discussed.  The 
numerical  evaluation  of  the  generalized  impedance  matrix  is  discussed  in 
Chapter  3.  The  techniques  used  to  improve  the  efficiency  of  these 
calculations  are  discussed  in  detail,  along  with  several  examples  in  one 
and  two  dimensions.  In  Chapter  4,  infinite  arrays  of  microstrip  dipoles 
are  analyzed,  and  both  theoretical  and  experimental  results  are  given. 
Chapter  5  is  similarly  devoted  to  results  for  infinite  arrays  of 
microstrip  patches.  One  important  restriction  to  the  theory  which  should 
be  mentioned  is  that  an  analysis  of  the  feed  region  was  not  included  in 
this  report,  in  that  the  geometry  of  the  feed  was  not  included  in  the 
boundary  conditions  of  the  integral  equation  for  the  patch  current.  A 
simple  feed  model  commonly  used  by  other  authors  to  model  a  coaxial  probe 
feed  for  patches  on  thin  substrates  was  used.  It  is  expected  that  a  more 
accurate  feed  model  will  be  the  next  step  in  this  work.  Finally,  some 
conclusions  are  given  in  Chapter  6,  along  with  a  discussion  of  some 
directions  for  possible  improvement  in  the  future. 

Throughout  this  report  a  basic  understanding  of  phased  array  theory 
and  terminology  is  assumed.  As  mentioned  above,  many  excellent  references 
discuss  phased  arrays  in  detail  [24,28,31).  The  conventions  and  theorems 
in  Fourier  analysis  used  follow  Papoulis  [41], 


CHAPTER  2 


FORMULATION 

In  order  to  determine  various  properties  of  an  antenna  or  scatterer, 
the  currents  on  the  structure,  or  a  suitable  set  of  equivalent  currents, 
must  be  determined.  While  several  formulations  have  been  proposed  for  the 
microstrip  antenna,  the  total  patch  current  formulation  will  be  used  in 
this  report.  In  this  formulation,  the  sum  of  the  currents  flowing  on  the 
top  and  the  bottom  of  the  patch  is  determined.  These  are  the  currents 
that  actually  radiate,  neglecting  the  feed  region  currents.  As  mentioned 
previously,  the  patch  will  be  considered  to  be  infinitely  thin  and 
perfectly  conducting. 

Four  basic  steps  in  the  solution  for  the  patch  current  will  be 
discussed.  First,  an  integral  equation  is  written  which  enforces  the 
boundary  condition  on  the  tangential  electric  field  on  the  surface  of  the 
patch.  Second,  an  expression  for  the  tangential  electric  field  produced 
by  a  current  distribution  on  the  patch  must  be  developed.  Third,  having 
developed  the  expression  for  the  tangential  electric  field,  an  approach 
for  solving  the  integral  equation  must  be  selected,  and  the  solution 
formulated.  Typically,  an  approximate  technique  is  chosen,  as  only  a  few 
simple  problems  have  analytical  solutions.  The  method  of  moments  [1] 
will  be  used  here.  Fourth,  and  most  difficult,  the  solution  must  be  cast 
into  a  form  which  can  be  solved  on  a  computer,  both  accurately  and 
efficiently. 

2.1.  Integral  Equation  for  the  Total  Patch  Current 

Many  references  cover  in  detail  the  formulation  of  the  integral 
equations  for  electromagnetic  scattering  problems  [9,  42).  In  one 


approach  to  the  antenna  problem,  the  antenna  is  treated  as  a  scatterer, 
with  the  excitation  being  due  to  the  feed  region  rather  than  an  incoming 
plane  wave.  In  so  doing,  one  formulation  is  valid  for  both  arrays  of 
antennas  and  scatterers.  Briefly,  an  integral  equation  for  the  total  patch 
current  is  written  which  enforces  the  boundary  condition  that  the  total 
tangential  electric  field  on  the  surface  of  the  patch  is  zero.  In  this 
report  the  boundary  condition  is  not  enforced  on  the  surface  of  the  feed 
probe.  Such  an  approach  assumes  that  the  patch  current  is  the  dominant 
characteristic  of  the  antenna  and  that  the  effect  of  the  feed  currents  can 
be  accounted  for  with  a  simple  approximation.  Recall  from  Chapter  1  that 
due  to  the  periodicity  of  the  problem  Floquet's  theorem  states  that  the 
patch  current  in  each  unit  cell  differs  from  that  in  any  other  cell  only 
by  a  linear  phase  shift,  determined  by  the  excitation.  Therefore, 
enforcing  the  boundary  condition  in  one  unit  cell  assures  the  satisfaction 
of  the  boundary  condition  on  all  patches. 

In  its  simplest  form  the  integral  equation  can  be  written 


-scat 

E 

-tan 


(p)  +  E, 


(p)  =  0 


(2.1-1) 


where  the  equation  is  enforced  over  the  metallic  patch  in  one  unit  cell. 

-t  an^  denotes  the  tangential  component  of  the  electric  field  produced  by 

inc 

the  currents  on  the  patch,  and  E  denotes  the  tangential  component  of 
the  incident  field.  For  the  microstrip  antenna  problem  the  incident  field 
is  usually  due  to  a  coaxial  probe  or  a  microstrip  feed.  In  the  case  of  a 
scatterer,  the  incident  field  is  often  an  incoming  plane  wave.  The 


scattered  field  is  found  by  convolving  the  current  on  one  patch  with  the 


periodic  Green's  function,  to  be  derived  in  the  next  section.  The  electric 
field  periodic  Green's  function  for  this  problem  is  defined  as  the  elec¬ 
tric  field  produced  by  an  infinite  periodic  array  of  point  sources  in  the 
array  plane.  In  the  case  of  the  geometry  in  Figure  1.1,  this  would  be  at 
the  air-dielectric  interface.  Denoting  the  dyadic  periodic  Green's  func¬ 
tion  by  Q,  the  integral  equation  for  the  patch  current  becomes 

/  G(p  -  p')  J(p')  dp'  =  -E““;(p)  (2.1-2) 

—  —  l  all 

u.c  . 

where  u.c.  denotes  one  unit  cell.  The  next  step  is  to  derive  the 

periodic  Green's  function,  but  first  some  conventions  used  in  this  report 

will  be  noted. 

i  cot  . 

1.  e  time  variation  is  assumed  throughout. 

2.  The  magnitude  of  a  vector  is  denoted  by  leaving  off  the  vector 
symbol.  For  example, 

|B|  =  6 

3.  A  summation  sign  without  limits  is  assumed  to  have  limits  to 

00  • 

4.  If  the  meaning  remains  clear,  the  argument  of  a  function  will 
often  be  suppressed  for  brevity. 

5.  For  generality,  when  discussing  the  Green's  function  and  other 
quantities  with  multiple  components,  the  notation  G.^  will  often  be 


used,  where  i  and  j  can  be  x,  y  or  z. 


6.  The  terms  of  a  summation  will  often  be  given  the  arguments  $  and 
p  for  a  spectral  and  a  spatial  summation,  respectively.  The 
dependence  of  $  and  p  on  the  summation  indices  is  assumed. 

2.2.  Periodic  Green's  Function 

The  fields  of  a  periodic  array  of  an  arbitrary  current  distribution 
can  be  obtained  by  solving  for  the  field  of  each  source  explicitly  and 
adding  the  contribution  of  each.  However,  a  more  natural  approach  that 
follows  from  the  plane-wave  spectrum  technique  [43J  is  to  find  the  fields 
due  to  an  array  of  point  sources  with  the  same  periodicity  and  convolve 
the  result  with  the  current  distribution  in  one  cell.  The  first  step  is 
to  find  the  field  of  the  infinite  array  of  point  sources. 

2.2.1.  Plane-wave  spectrum  technique 

a 

Consider  an  infinite  array  of  y  directed,  unit  amplitude  point 
sources 


J(p)  -  y  II  6(p-  p'  -  £mn)  S(z)  (2.2-1) 

mn 

(From  now  on  the  delta  function  in  z  will  be  dropped.)  The  location  of 
these  point  sources  in  space  defines  a  spatial  domain  lattice  shown  in 
Figure  2.1a.  The  periodicity  is  defined  by  the  lattice  vectors  and  S2« 
Each  lattice  point  is  defined  by  a  vector  £  -  mS,  +  nS~.  The  Fourier 

series  for  J(p)  can  be  found  by  an  extension  of  standard  two-dimensional 
Fourier  series  to  non-orthogonal  lattices.  To  do  so,  the  "reciprocal 
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lattice"  [44]  is  needed.  The  reciprocal  lattice  is  defined  by  the  lattice 
vectors  and  82  >  as  shown  in  Figure  2.1b,  and  describes  the  periodicity 
in  the  spectral  domain.  ^  and  ^  are  easily  found  by  enforcing  the 
orthogonality  required  for  the  Fourier  series, 

=  27r  K’h  =  0 

(2.2-2) 

^  *S2  =  0  ^2*^2  =  271 

which  lead  to  the  definitions 


l  -  -  £  (n  x  S\) 


\  =  7T  (n  *  ^1} 


(2.2-3) 


A  is  the  area  of  a  unit  cell  in  the  direct  lattice,  and  is  defined  by 
A  =  n*(5j  x  S ^ )  where  n  is  the  normal  from  the  array  plane  containing 
and  S^.  In  this  report  n  =  z.  Finally,  on  these  lattices,  the  Fourier 
series  of  a  function  f(p)  is  defined 


f(p)  =  ll 


a 

mn 


(2.2-4) 


where 


a 

mn 


■i  a 

u.c  . 


f(p') 


dp' 


(2.2-3) 
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2  -  m2,  +  nL  (2.2-6) 

tan  X  L 

Using  this  definition,  J(p)  can  be  expressed  in  a  Fourier  series 


J(p) 


i  ll 


it. 


mn 


'(  P"P' ) 


mn 


(2.2-7) 


To  treat  the  general  case,  an  applied  phase  shift  must  be  included  in  che 
current  distibution 


J(p) 


II 

mn 


6(2  - 


-  £  ) 

mn 


j  2  *(p-p' ) 


(2.2-8) 


The  applied  phase  shift  is  given  by  2Q,  where  2Q  *  m0^i  +  no^’  Note  that 

this  is  referenced  so  that  the  m  *  0,  n  ■  0  unit  cell  will  have  no  phase 

shift.  m  and  n  can  uniquely  assume  values  from  -1  to  1 .  The  Fourier 
o  o 

series  expression  for  this  current  distribution  is  found  to  be 


J(p) 


L 

A 


II 

mn 


(2.2-9) 


where 


£  "  t  +  S  -  (m  +  m  )  +  (n  +  n  ) 

mn  am  o  o  1  o  l 


( 2 . 2—10 ) 


For  convenience  the  notation 


e 

am 


(p  *  P1) 


*(p-p') 


mn 


(2.2-11) 


will  be  used. 

The  form  of  Equation  (2.2-9)  suggests  an  approach  to  finding  the 

electric  field  of  the  array  of  point  sources.  Let  the  array  of  point 

sources  be  placed  at  the  array  plane  of  the  grounded  dielectric  substrate 

(GDS)  shown  in  Figure  2.2a  or  2.2b.  Each  e  (p-p1)  is  a  current  sheet  in 

mn 

the  array  plane  with  a  different  phase  variation.  While  the  fields  of  a 
single  point  source  at  this  interface  involve  Sommerfeld  Integrals,  and 
are  difficult  to  compute  [45  -  47],  the  fields  of  a  current  sheet  are 
easily  found.  Hence,  the  fields  of  each  current  sheet  component  of  J(p) 
are  summed  to  find  the  total  fields  of  the  array  of  sources,  the  periodic 
Green's  function. 

2.2.2.  Fields  of  a  current  sheet 

The  solution  for  the  fields  of  a  current  sheet  in  free  space  is 

discussed  in  several  texts  [9,  48],  and  can  be  easily  extended  to 

layered  geometries.  Only  a  general  outline  will  be  given  here.  Consider 

a  y  directed  current  sheet  ye  (p-p')  at  the  air-dielectric  interface  of 

mn 

Figure  2.1a.  The  solution  for  the  x  directed  sheet  follows  immediately.  In 
the  region  z  >  0,  but  excluding  the  source  plane  z  -  t,  the 


electromagnetic  fields  satisfy  Maxwell's  equations 


Ground  Plane  (p.e.c) 


Figure  2.2a.  Single  layer  grounded  dielectric  substrate  (GDS) . 


Region  I  €  -  €0 


Figure  2.2b.  Double  layer  grounded  dielectric  substrate. 
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7  x  E  ■  -  j  uiy  H 

7*H  -  0 

7  x  H  -  joie  E 

7  *E  *  0 

(2.2-12) 


Because  H  is  divergenceless  due  to  the  lack  of  magnetic  charge,  it  can  be 

defined  as  the  curl  of  a  magnetic  vector  potential  A,  and  E  can  be  ex¬ 

pressed  in  terms  of  A  through  the  Lorentz  gauge  [49] 

E  -  V  x  A 

,  _  _  (2.2-13) 

E  -  -jwuA  +  7(  V  *A) 

-  j  <ue 

A  must  satisfy  the  Helmholtz  equation  in  both  regions  z  <  t,  and  z  >  t 

V2 A  +  K2A  -  0  (2.2-14) 

Note  that  because  the  source  free  Maxwell's  equations  and  Helmholtz  equa¬ 
tion  are  used  the  fields  will  be  strictly  valid  only  outside  the  source 
region.  This  is  done  deliberately  in  order  to  avoid  a  discussion  of  the 
evaluation  of  the  Green's  function  singularity  in  the  source  region.  This 
subject  has  been  discussed  in  detail  by  several  authors  [30  -  52],  but 
is  not  a  factor  here.  Because  the  tangential  electric  fields  are  contin¬ 
uous  at  the  source  region  except  at  a  source  discontinuity,  the  value  of 
the  electric  field  at  the  source  plane  can  be  determined  by  taking  the 
limit  as  z  approaches  t.  In  general,  the  limit  can  be  tcken  simply  by 
substituting  in  the  value  z  ■  t.  However,  for  certain  current  distribu¬ 
tions  the  resulting  expression  does  not  converge.  A  technique  to  overcome 
this  problem  will  be  discussed  in  Chapter  3. 


V 'J  M  V.7.W  f»^}W^V^:v:v’w<w:wVrimV7t~vv-mr wrjv'.-v\f\-^\-  •■"-  r-* 
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Equations  (2.2-12)  through  (2.2-14)  can  be  solved  by  taking  their 
Fourier  transforms  and  applying  the  boundary  conditions  in  the  spectral 
domain.  Note  that  because  the  fields  of  each  current  sheet  vary  in  the 
x-y  plane  only  by  a  linear  phase  variation,  the  boundary  conditions  at 
z  =  0  and  z  =  t  can  be  applied  equally  well  to  the  fields  and  their 
Fourier  transforms.  The  Fourier  transform  pair  used  in  this  report  is 

?(8>  ■  /"  /’  f(S>  dS 

—  00  —  CO 

(2.2-15) 

f(p)  =  —  /  /  f (  8)  ej^*P  d8 

4  7i  —co  —  oo 


An  alternative  approach  to  solving  the  fields  of  a  current  sheet  is  to 
employ  a  transmission  line  analogy  [14].  This  method  is  particularly 
useful  for  multilayer  problems  such  as  illustrated  in  Figure  2.2b,  as  is 
needed  for  a  microstrip  problem  with  a  radome.  Using  either  of  these 
techniques,  the  fields  for  z  >  t  of  a  single  current  sheet  ye  (p-p1) 
located  at  the  air-dielectric  interface  of  Figure  2.2a  are 


Ei(p) 


G.  (K  ) 
ly  mn 


e  (  p  - 
mn 


P') 


(2.2-16) 


where  i  =  x,  y  or  z,  and 


M  D,  e 
x  y  j 


-js( z-t ) 


we  D.D. 
o  1  2 


G  (K  ) 
xy  mn 


( 2 . 2- 1 7a ) 


(2. 2- 17b) 


G 

yy 


(Kmn> 


(4“3  -  koDl) 

“e0°lD2 


G 

zy 


(K  ) 
on 


~gys  -js(z-t) 
“£oDl 


( 2 . 2-1 7c) 


and  with  the  unit  vectors  8  and  8 

x  y  ’ 


Sx  ■  lW8*  •  8y  ■  K.n'Sy 


k  -  2ir/  \ 
o  o 


s  -  (It2  -  K2  )^2 
o  on 


>'  “  ( e  k2  -  K2  )^2 
r  o  on 


+  root , 


-  root , 


Dj  »  s'  -  jser  cot  s't 


D_  ■  s  -  j 8 1  cot  a't 


D,  -  s'  -  j8  cot  s't 


if  real 

if  imaginary 


(2.2-18) 


Of  course,  the  fields  of  the  x  directed  source  can  be  obtained  by  a  simple 

rotation  of  coordinates.  Note  that  G  ,  G  and  G  are  the  Fourier 

xy  yy  zy 

transforms  of  the  standard  Green's  function,  the  electric  field  of  a 
single  point  source  in  the  array  plane. 

The  field  of  each  current  sheet  is  a  plane  wave,  either  homogeneous 
or  Inhomogeneous,  depending  on  ^mn»  The  standard  notation  for  the 
phase  variation  of  a  plane  wave  with  e^  ***  time  convention  is,  (for  z  >  0) 
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,-jK-r  =  -ikxx  -jk  v  -jkzz 


(2.2-19) 


which  has  a  direction  of  propagation  given  by  the  vector 

K=ku  +ku  +  k  u  .  In  this  report,  due  to  the  Fourier  transform  pair 
xxyyzz  +  + 

jK  *p  _;sz 

used,  the  phase  variation  of  a  plane  wave  is  written  as  e  mn  e  J 


Thus,  K 

mn 

is  in 

the  negative 

d irec  t ion 

of 

propagat ion 

of 

the 

wave 

projected 

into 

the  x-y  plane 

,  and  6  = 

’  X 

~kx’ 

,  3  —  — k  and 

y  y 

s  = 

k  . 
z 

This 

notat ion 

should 

be  kept  in  mind 

when  comparing 

the  results  here 

to 

other 

work,  but  within  this  report  it  only  affects  the  sign  of  the  z  components 

of  the  Green's  function  and  the  beam  steering  constants  m  and  n  . 

o  o 

As  discussed  above,  the  periodic  Green's  function  is  easily  derived 
from  the  solution  for  a  single  current  sheet  by  summing  the  fields  due  to 
all  of  the  component  current  sheets  of  an  array  of  point  sources,  as 
indicated  by  Equation  (2.2-9).  In  this  manner  the  periodic  Green's  func¬ 
tion  for  the  GDS  of  Figure  2.2a  is  obtained 


G .  .  ( p  -  ;-)  =1  ll  G-.OC  )  e  Cp  -  p') 

-lj  A  ij  ran  mn 


(2.2-20) 


where  the  components  G^  for  both  0  <  z  <  t  and  z  >  t  are  found  in 
Table  2.1.  For  completeness  the  magnetic  field  periodic  Green's  function 


„H+  + , .  ivv~H+  +  ♦ 

P')  -jll  0Lj  <K.„)  enn< P  p') 
mn 


(2.2-21) 


where  the  components  G^  are  also  found  in  Table  2.1.  Finally,  the 


TABLE  2.1 


Region  I 


COMPONENTS  Ojj  AND  Gj?  FOR  THE  PERIODIC  GREEN'S  FUNCTION 
J  OF  A  SINGLE  LAYER  GDS 


2  >  t 


6  3  D~e 
x  y  3 


-js(z-t) 


xy  yx 


cue  D,  D~ 
o  1  2 


yy  L  xxJx«-+y  <oe  D^Dj 
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zy  L  zx  Jx«~*y 
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xy  L  yxJx-*-+y 


D1D2 


gh  -  -g  h 

yy  xx 


(j0x  By(£r  -  1)  cot  s't)  _js(z_ 


C) 


D1D2 


r  H  ,  -  Tr  H1  e"’Js(2“t) 

zy  ^  zx  Jx«-+y  D 


TABLE  2.1  (Cont.) 


Region 


Note: 


II  0  <  z  <  t 


*** 

G 

xy 


^x^y^3  sin  s'z 

we  D,D~  sin  s't 
ol2 


G  ™ 

yy 


[g  ] 

L  xxJx«-+y 
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L  yxJx-«-»y 


j(s'D1  -  8*(er  -  1)) 


D1D2 


COS  3  f  Z 

sin  s't 


J8X8  (er  -  1) 


DlD2 


cos  s'z 
sin  s't 


„  8  sin  s'z 

-  [g  H  1  -  — - _ 

L  zxJx«-+y  D2  sin  s't 


/■v  «■%.  h  ♦ 

1)  G  and  G . ,  are  all  functions  of  K 

lj  lj  zn 


2)  [  •!  means  replace  x  with  y,  y  with  x. 


periodic  Green's  function  for  the  two  layer  problem  of  Figure  2.2b  is  also 
expressed  by  Equations  (2.2-20)  and  (2.2-21).  The  components  for  the  two 
layer  Green's  function  are  found  in  Table  2.2.  The  results  in  Table  2.2 
are  valid  in  the  source  plane  only,  but  can  be  easily  extended  for  all  z. 
The  Green's  function  in  the  source  plane  for  many  different  cases  can  be 
obtained  from  Table  2.2  by  deriving  Z^  and  Z^  for  the  geometry,  as 
described  in  [14],  For  example,  with  Y^g  ■  s/um0  and  YTM  ■  mcQ/s,  the 
single  layer  Green's  fuction  of  Table  2.1  (for  z  ■  t)  can  be  obtained  by 
substituting 


ge  «  83' 

o  cue  D 
o 


and  the  free-space  Green* 3  function  by  using 


(2.2-22) 


(2.2-23) 


2.2.3.  Fields  of  an  arbitrary  periodic  current  distribution 

The  final  step  in  the  solution  of  the  fields  of  a  general  periodic 
source  is  to  convolve  the  source  distribution  in  one  unit  cell  with  the 
periodic  Green's  function 


E(  p)  -  G(  p)  *  J(  p) 


(2.2-24) 


From  now  on,  J( p)  indicates  a  general  current  distribution  in  one  unit 

a 

cell.  Considering  only  a  y  directed  source,  and  retaining  only  the 


TABLE  2.2 


COMPONENTS  G^  AND  G FOR  THE  PERIODIC 
GREEN'S  FUNCTION  OF  A  TWO  LAYER  GDS 
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2)  (  •)  means  replace  x  with  y,  y  with  x. 

x-ny 
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tangential  components  of  the  fields.  Equation  (2.2-24)  becomes 


Stan^  "  // 


u.  c. 


~  n  G  (it  )  e  (p  -  p’)  J  (o') 
A  LL  xy  m  mn  K  yv  k 
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(2.2-25) 
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mn 
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Noting  that  G  and  G  do  not  depend  on  p' ,  and  recognizing  that 
xy  yy 


e  (p  -  p’ )  »  e  (p)  e  (-p1 ) 
mn  mn  mn 


♦  -jit  .p* 
e„  (p)  e  “ 


(2.2-26) 


mn 


one  obtains  after  interchanging  the  order  of  integration  and  summation 


-T  HOO  ««,<»>  //  IP’ 
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The  integration  is  recognized  to  be  the  Fourier  transform  of  the 
current  distribution,  resulting  in  the  final  form  for  the  fields  of  an 
arbitrary  current  distribution 


-tan( p) 


T  ll 


mn 


G  (it  ) 
xy  mn 


emn(J) 

mn 


+  L 

A 


ll 

mn 


Gyy«.n> 


"mn 


(p) 


(2.2-28) 


This  result  could  have  been  obtained  more  directly  by  simply  using 
the  Fourier  series  for  the  periodic  current  distribution.  This  expresses 
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the  periodic  current  distribution  directly  in  terms  of  current  sheets,  the 
fields  of  which  can  be  summed  to  give  the  desired  total  fields.  However, 
it  is  felt  that  the  formalism  of  the  periodic  Green's  function  provides  a 
somewhat  better  insight  into  the  problem. 

2.3.  Method  of  Solution  of  the  Integral  Equation 

Using  the  above  results  for  the  field  of  an  arbitrary  current 
distribution,  the  integral  equation  for  the  patch  current  becomes  dual 
algebraic  equations 
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(2.3-1) 
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The  solution  to  this  equation  will  be  the  desired  total  patch  current,  or 
more  accurately,  its  Fourier  transform.  An  approximate  solution  for  the 
equation  can  be  obtained  using  the  method  of  moments  [1,  53,  54].  This 
technique  takes  advantage  of  the  linearity  of  the  Green's  function  to  re¬ 
duce  the  coupled  equations  into  a  set  of  simultaneous  equations  which  can 
be  solved  by  matrix  techniques.  Briefly,  to  solve  the  equations  with  the 
method  of  moments,  a  set  of  linearly  independent  basis  functions  is  chosen 
to  represent  the  unknown  current.  To  obtain  the  exact  solution,  the  basis 
functions  must  span  the  domain  of  possible  solutions  to  the  current 
i  distributions.  Ideally,  a  complete  set  of  basis  functions  is  chosen,  as  a 

general  solution  is  desired  and  very  little  is  known  about  the  actual 


j 


current  distribution.  Now  the  current  distribution  can  be  represented  as 
a  sum  of  components  from  the  set  of  basis  functions 


J(p)  -  *  X  «  Jvn(p)  +  y  l  b  J  (p) 


p=0 


P  xp 


q=0 


q  yq 


or  using  the  linearity  of  the  Fourier  Transform, 


(2.3-2) 


J(0)  =  x  l  a  J  (|)  +  y  y  b  J  (5) 
p=0  P  XP  q=0  q  yq 


(2.3-3) 


Using  the  notation 


e  (p) 

mn 


II  ^jp^mn^  A 


(2.3-4) 


Equations  (2.3-3)  and  (2.3-1)  combine  to  give  a  new  expression  for  the 
patch  current  equation 


1 


a  EP  +  l  b  Eq 
p=0  P  XX  q=0  q  Xy 


inc , 

Ex  (P) 


(2.3-3) 


l  a  EP  +  l  b  Eq 
p=0  P  yX  q=0  q  yy 


_  inc , 

-E  ( p) 
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To  reduce  Equation  (2.3-5)  into  a  set  of  simultaneous  equations,  a 


set  of  testing  functions  is  chosen,  I  T  ( p) ,  £  T  ( p) ,  often  the 


r=0 


xr 


s=0  yS 


same 


as  the  set  of  basis  functions.  Again,  for  an  exact  solution,  the  set  of 


testing  functions  must  span  the  range  of  the  operator,  the  periodic  Green's 


function,  on  the  current.  As  usual,  the  assumption  is  made  that  a 
denumerable  set  of  testing  functions  can  span  the  range  of  the  operator. 
Physically,  the  set  of  testing  functions  must  be  able  to  represent  the 
tangential  electric  field.  Defining  the  inner  product  as 


<f(p),g(p)>  *  /  /  f(p)*g(p)  dp 


(2.3-6) 


the  inner  product  is  formed  with  each  member  of  the  set  of  testing 
functions 


<T  ,  l  a  EP  +  7  b  Eq  +  E1  (p)>  -  0 
xr  *  Ln  p  xx  Ln  q  xy  x 
p-0  r  q=*0 


r  *  1,2,...,' 


(2.3-7) 


<T  ,  y  a  EP  +  y  b  Eq  +  EitlC(p)>  *  0 
y*  pi0  P  yX  q-0  q  yy  y 


s  *  1,2,...,' 


The  inner  product  of  orthogonal  quantities  is  zero,  and  has  been  dropped 
from  Equation  (2.3-7). 

Each  inner  product  requires  that  the  error  in  the  solution  be 
orthogonal  to  that  testing  function.  As  successive  inner  products  are 
taken,  the  answer  gets  progressively  better.  Theoretically,  if  a  complete 
set  is  used  for  both  the  basis  and  testing  functions,  the  exact  answer  can 
be  obtained.  Unfortunately,  this  generally  requires  an  infinite  number  of 
functions,  resulting  in  an  infinite  set  of  equations  which  can  be  solved 
ln  only  a  few  special  cases.  Hence  to  make  the  problem  tractable,  a 
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finite  set  of  basis  and  testing  functions  is  generally  chosen.  A  good 
choice  of  these  functions  is  one  which  has  some  physical  basis  and, 
because  efficiency  is  important,  numerical  convenience.  In  this  report, 
subsectional  basis  and  testing  functions  with  closed-form  Fourier 
transforms  are  used.  Each  subsectional  basis  function  exists  only  over  a 
finite  section  of  the  patch.  Thus  the  current  distribution  is  now 
approximately  represented  with  a  finite  set  of  basis  functions 


J(p) 


-  P 


x  l 

p=0 


a 

P 


J 

xp 


(p) 


J  (p) 
yq 


and  the  set  of  equations  to  be  solved  becomes 


(2.3-8) 


V  a  <T  ,EP  > 

**  r*  v r  9  vv 


P=o 


p  xr’  xx 


q=0 


'  <T„r.-CC<»»  r  ■  ‘'2 . R 


(2.3-9) 


P  Q  + 

l  a  < T  ,EP  >  +  V  b  <T  ,Eq  >  =  <T  ,-EinC(p)>  s  =  1,2,...,S 
p=0  p  ys’  yx  qf0  q  ys’  yy  ys’  y 


which  can  be  solved  for  the  current  coefficients.  Typically,  the  number  of 
testing  functions  and  basis  functions  is  equal,  i.e.,  P  =  S  and  Q  =  R, 
resulting  in  a  set  of  equations  of  order  P  +  Q,  which  can  be  conveniently 
represented  in  matrix  form 


7xx 

RP 

zxy" 

RQ 

ap 

VxR 

zyx 

SP 

zyy 

SQ 

bQ. 

Vysj 

(2.3-10) 


1  *  *  »  *  k  " 


,  „  ay  _v  a  yy 

where  Z^,  ZRq,  Zgp  and  Zgq  are  all  matrices  of  the  form 


Txx 


RP 


<Txl ,Exx>  <T,l.Exx>  •••  <Tx1'Emc> 


12  P 

<T  _ ,E  >  <T  -,E  >  ...  <T  „,E  > 

x2’  xx  x2*  xx  x2*  xx 


(2.3-11) 


<TxR'Exx>  <TxR,Exx>  ' 


<TxR'Exx> 


and  the  other  matrices  are 


T  T 

l •••  1  »  i bp  1  *  l i b2 » •  •  • » bq ] 

tVRJ  "  [<Txl.-Er(P)>.  <Tx2*"ExaC(P)>*  **•  <TxR'"ExIlC(P)>iT  (2‘3_12) 
lVS]  =  [<Tyi,-EynC(p)>.  <Ty2,-EjnC(;)>,  ...  <TyS,-EjnC(£»]T 


This  matrix  equation  can  easily  be  solved  for  the  unknown  current 
coefficients  once  inner  products  have  been  evalulated.  It  Is  this  task 
which  is  at  the  heart  of  any  moment  method  solution,  and  must  be  examined 
more  closely. 

2.4.  Numerical  Evaluation  of  the  Solution 

Equation  (2.3-10)  is  of  the  form  Zx  -  V.  The  Z  matrix,  or  the 
Impedance  matrix,  and  the  right-hand  side,  the  incident  field  matrix,  both 
consist  of  inner  products  which  can  be  difficult  to  evalunte.  For  the 


purposes  of  this  chapter  only  the  Z  matrix  will  be  considered.  In 


general,  the  V  matrix  is  either  very  simple  to  evaluate  or  is  very  similar 
in  evaluation  to  the  Z  matrix.  The  incident  field  for  each  class  of 
problem  will  be  considered  in  the  section  dealing  with  that  problem. 

Examining  one  equation  in  the  set  and  expanding  the  expression  for 
the  scattered  field  give 


Interchanging  the  order  of  summation  and  integration  and  removing  from 

under  the  integral  those  functions  which  do  not  depend  on  the  spatial 

variable,  the  integral  is  again  recognized  as  the  Fourier  transform 

integral  with  a  sign  change  in  the  kernel.  The  integral  results  in  the 

★  * 

complex  conjugate  of  the  testing  function,  denoted  T^  and  T^g . 
Performing  the  integration  results  in 


v  vi  ~  ~  9  ~  ~ 

l  a  ))  G  J  T  +  )  b  ))  G  J  T 

„  p  LL  xx  xp  xr  q  LL  xy  yq  xr 

p=0  F  mn  K  q=0  s  ran  } 


=  <T  ,-EinC> 
xr  x 


(2.4-2) 


where  the  arguments  have  been  dropped.  Finally,  in  this  report  all 
members  of  the  basis  and  testing  sets  are  identical  to  all  others  except 
for  a  linear  translation,  and  all  are  even  functions.  For  example,  if 
J  (p)  denotes  the  general  form  of  the  basis  functions,  the  members  of  the 


basis  set  can  be  expressed 


(2.4-3) 


J 

xp 


(p) 


Then  the  transform  of  a  member  in  the  basis  set  becomes 


J 

xp 


(!) 


j~kcb>  . 


-jl 


* 


(2.4-4) 


Hence  denoting  the  unshifted  testing 
transforms  as  J  ,  T  and  J  ,  and  T  , 

X*  X  x’  X* 


p 


and  expansion  functions  and  their 
Equation  (2.4-2)  can  be  expressed  as 

(2.4-5) 


1  b  He  J  f  e  (p 

qio  q  in  xy  y  x  mn  r 


♦  >  > 

where  p^,  and  pr  are  the  vectors  from  the  origin  to  the  pth  and  qth 
basis  functions  and  the  rth  testing  function,  respectively. 

Up  to  this  point,  only  two  approximations  have  been  made:  casting  the 
physical  problem  into  an  idealized  mathematical  model,  and  using  a  finite 
set  of  basis  and  expansion  functions.  Unfortunately,  another 
approximation  must  enter  at  this  point.  The  infinite  summations  in 
Equation  (2.4-5)  must  necessarily  be  truncated  at  some  finite  number  of 
terms.  Assuming  for  the  moment  that  the  expressions  do  converge,  the 
question  of  how  many  terms  need  to  be  summed  to  achieve  sufficient 
accuracy  is  a  difficult  one.  In  addition,  for  some  choices  of  basis  and 


testing  functions,  such  as  the  commonly  used  pulse  expansion  and  point 
matching  functions, 
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Ji(p)  =  1  M  <_  a,  |y !  <_  b 

=  0  otherwise  (2.4-6) 
T^p)  =  5(p) 

The  summations  required  in  some  inner  products  do  not  converge  at  all 
under  a  straightforward  summation  of  terms.  (The  terms  do  not  approach 
zero  as  m  and  n  approach  infinity.) 

In  practice,  basis  and  testing  functions  with  sufficient  smoothness 
to  ensure  convergence  of  all  terms  in  the  Z  matrix  are  chosen,  and  as  in 
common  practice,  a  numerical  test  for  convergence  is  used.  In  particular, 
m  and  n  are  increased  until  the  change  in  the  partial  sums  is  only  evident 
beyond  a  chosen  number  of  digits.  The  required  tolerance  in  the  matrix 
elements  depends  on  the  desired  accuracy  in  the  final  answer.  Because  of 
the  oscillating  nature  of  the  terms  of  the  series,  m  and  n  need  to  be 
increased  beyond  the  point  where  tolerance  first  appears  to  be  met  to 
ensure  that  the  tolerance  has  indeed  been  satisfied.  Unfortunately,  as 
the  parameters  of  the  problem  are  varied,  such  as  the  size  of  the  patch, 
the  array  spacing,  and  the  relative  location  of  the  basis  and  testing 
functions,  the  required  upper  limits  on  m  and  n  can  vary  greatly. 

The  problem  in  truncating  the  sum  is  further  complicated  by  the  slow 
convergence  of  the  sum.  Consider  the  inner  product  which  arises  from  the 
following  choices  of  and  Tx 


0 


otherwise 


Tx(p)  *  $(y) 

=■  0 


|x  |  <_  a/2 
otherwise 


The  transforms  of  these  functions  are  found  to  be 


4  sin  (S  a/2)  2  sin  ( 8b) 

JAh  - - - y— 
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0., 


fx(0) 


2  sin  ( Sx  a/ 2) 


(2.4-7) 


(2.4-8) 


This  set  of  basis  functions,  known  as  rooftop  functions  due  to  their 
shape  154],  and  testing  functions  are  commonly  used,  both  for  single  ele¬ 
ment  problems  [54]  and  array  problems  138  -  40] .  A  term  in  the  Z  matrix 
takes  the  form 


rp 


1  r  v 

a  44 


XX 


J  T  e  ( p  -  p  ) 
xx  mn  r  ^p 


(2.4-9) 


fl  2  -1 

and  can  be  shown  to  converge  as  (mn/ra  +  n  )  .  While  this  does  converge, 
it  does  so  fairly  slowly.  Consider  an  array  with  lattice  spacing 
=■  0.5X  ,  thickness  t  »  0.1  X  ,  and  relative  permittivity  e_  =  2.55. 
For  the  basis  functions  in  Equation  (2.4-7),  with  a  =  0.03 X^  and 
b  =*  0.01  X  ,  Table  2.3  shows  the  partial  sums  for  three  typical  matrix 
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623.542342 
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0.674685 
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0.931113 

0.676388 

554.964071 

2.414094 

0.674967 

551.076179 

2.952526 

0.675325 

554.695405 
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0.674922 

561.559123 

2.387653 

0.674983 

556.348143 

2.749048 

0.674845 

551.758663 

2.423449 

0.674967 

555.884998 

2.260668 
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558.338015 

2.484901 

0.674976 

555.769395 

2.434351 
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555.104160 

2.286058 
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0.674986 

Execution 
time  (sec.) 


elements  each  with  different  vectors  ( Pr  ~  Pq),  along  with  the  execution 
time  on  a  CDC  6600.  These  times  do  not  take  advantage  of  the  symmetry 
which  exists  in  the  sum,  which  can  reduce  the  execution  time  by  as  much  as 
a  factor  of  4  for  a  rectangular  array  with  no  element-to-element  phase 
shift.  However,  in  the  general  problem  where  a  phase  shift  exists  there 
is  no  symmetry,  and  the  times  in  Table  2.3  would  be  representative  of  a 
general  program  used  to  compute  all  the  required  inner  products.  It  is 
evident  that  many  terms  are  required  to  get  several  digits  of  accuracy. 
From  this  example  a  rough  estimate  of  the  time  required  to  solve  a  problem 
can  be  made.  Assume  that  10  basis  functions  in  both  the  x  and  y  directions 
are  used  on  a  patch,  for  both  the  x  and  y  components  of  the  current.  As 
will  be  shown  later,  for  a  problem  with  no  phase  shift  this  leads  to  200 
distinct  elements  of  the  Z  matrix.  Even  if  the  summations  are  truncated 
at  M  and  N  ■  50  (summing  all  terms  for  |m|<M  and  jnj<N),  approximately  5 
seconds  of  computer  time  are  required  per  matrix  element  at  a  cost 
of  17  cents  a  second  (roughly  the  cost  on  the  University  of  Illinois  CDC 
6600).  The  total  cost  per  problem  is  then  1000  seconds  of  execution  time, 
or  $170.  Using  even  less  tolerance  and  truncating  the  series  at 
M  *  2Sj/a,  N  *  S^/b  as  Rubin  and  Bertoni  suggest  [15J,  which  results  in 
truncating  the  series  at  M«33,  N=50,  require  approximately  3  seconds  per 
inner  product,  or  $100  per  problem.  Of  course,  the  execution  times  in 
Table  2.3  are  representative  of  only  one  computer  program,  but  neverthe¬ 
less  indicate  that  the  required  computer  time  is  a  major  obstacle  to  a 
general  solution  for  periodic  scatterers  and  arrays  using  this  technique. 

In  order  to  overcome  this  problem,  a  series  acceleration  procedure 
has  been  developed  which  significantly  accelerates  the  convergence  of  the 
infinite  summations  12]  -  [4],  This  technique,  the  subject  of  the  next 


chapter,  should  have  wide  application  to  periodic  electromagnetic 
problems,  such  as  the  microstrip  arrays  considered  here,  frequency  selec¬ 
tive  surfaces,  and  waveguide  and  cavity  problems. 


CHAPTER  3 


EVALUATION  OF  INNER  PRODUCTS 

In  general,  the  analysis  of  periodic  problems  requires  the  summation 
of  Infinite  series.  This  is  true  whether  analyzing  arrays  of  scatterers 
or  arrays  of  antennas  in  the  space  or  spectral  domain,  or  analyzing 
cavities  or  waveguides  using  image  or  modal  techniques,  to  name  just  a  few 
examples.  Unfortunately,  the  evaluation  of  infinite  summations  can  be 
quite  time-consuming,  particularly  for  sums  which  are  infinite  in  two  or 
more  indices. 

Recall  from  Chapter  2  the  basic  form  of  a  term  in  the  Z  matrix: 


Z^Ot  )  4ll  G  (£  )  J,(lt  )  T,  (it  )  e  (p  -  p  )  (3.0-1) 

rp  mn  A  **  *•  11  mn  1  mn  l  mn  mn  r  p 

r  mn  J  J  r 


As  in  the  last  chapter,  the  dependence  on  it  will  often  be  suppressed. 
This  sum  has  two  properties  of  particular  importance  in  its  evaluation. 
First,  as  discussed  earlier,  it  is  usually  very  slowly  convergent. 
Second,  a  singularity  exists  in  the  terms  for  certain  values  of  the 
parameters  involved.  and  D2  in  the  denominator  of  G^j  are  the 
equations  for  the  TM  and  TE  surface  wave  poles  of  the  grounded  dielectric 
slab  [55].  As  will  be  discussed  later,  these  singularities  can  lead  to 
blind  angles  in  infinite  arrays  and  stop  bands  in  frequency  selective 
surfaces. 

Much  work  has  been  done  on  techniques  to  accelerate  the  convergence 


of  summations  or  to  evaluate  them  in  closed  form.  Two  of  the  most  common 


acceleration  techniques  are  Poissons'  summation  formula  (PSF)  and 
Rummer's  transformation  of  series,  more  generally  referred  to  as  the 
subtraction  or  comparison  technique. 


Recently,  a  general  method  was  reported  [2,  3]  which  embodies  both 
of  these  techniques  in  an  acceleration  technique  which  allows  for 
efficient  evaluation  of  the  infinite  summations  derived  in  Chapter  2. 
This  technique  has  been  used  to  efficiently  analyze  arrays  of  dipoles  in 
free  space  [4]  and  arrays  of  microstrip  dipoles  [34,  35].  Section  3.1 
will  introduce  the  method  by  application  to  a  simple  one-dimensional  sum, 
and  a  more  comprehensive  explanation  of  the  application  to  the  two- 
dimensional  sums  in  the  inner  products  of  Equation  (2.3-10)  will  be  given 
in  Section  3.2.  The  remainder  of  the  chapter  will  discuss  the  application 
of  the  technique  to  two  examples  of  interest. 

3.1.  Introduction  to  the  Acceleration  Technique 
Consider  the  one-dimensional  sum 

F(b)  =  l  __J - _  (3.1-1) 

n  n2  -  b2 

2  2-1 

the  terms  of  which  are  given  by  the  function  f(x)  =  (x  -b  )  evaluated  at 

the  points  x  =  0,±1,±2,±3 .  A  common  practice  throughout  this  chapter 

when  discussing  infinite  summations  will  be  to  refer  to  the  continuous 
function  which  defines  the  terms  of  the  sum  by  evaluating  the  function  at 
discrete  values  of  the  continuous  variable.  The  sum  in  Equation  (3.1-1) 
has  both  of  the  important  properties  of  the  two-dimensional 
sum  in  Equation  (3.0-1)  discussed  above:  it  converges  slowly,  in 
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this  case  as  n  ,  and  a  singularity  exists  in  f(x)  for  x  =  ±b.  This  sum 
will  be  used  to  introduce  the  acceleration  technique  because  of  its 
simplicity,  its  similarity  to  the  sums  of  interest  here,  and  because  it 
can  be  summed  in  closed  form  with  the  well-known  result: 

l  j  =  “  -g  cot(lTb)  (3.1-2) 

n  n  -  b 

As  mentioned  previously,  this  method  incorporates  two  common  acceleration 
techniques,  the  Poisson  summation  formula  and  Rummer's  transformation 
of  series. 

In  its  simplest  form  the  Poisson  summation  formula  (PSF)  can  be 
stated  [41 ] : 

l  f (n)  =  l  f(2irn)  (3.1-3) 

n  n 

The  usefulness  of  this  formula  is  based  upon  the  property  that  the  Fourier 
transform  of  a  smooth,  slowly  decaying  function  is  a  rapidly  decaying 
function.  In  this  report,  the  term  decaying  means  approaching  zero. 
Unfortunately,  because  of  the  singularity  in  f(x),  the  PSF  is  not  directly 
applicable  to  its  summation. 

Rummer's  transformation  of  series,  more  commonly  known  as  the 
subtraction  or  the  comparison  technique,  can  be  stated  [36]: 

^f(n)  =  }_[f(n)-f(n)]  +  }jf(n)  (3.1-4) 

3  3 

n  n  n 

where  f  (n)  is  a  function  which  is  asymptotic  to  f(n)  for  large  n.  This 


technique 


is  related  to  the  singularity  subtraction  technique  for 
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evaluating  singular  integrals.  As  in  that  technique,  the  trick  is  to 
select  a  suitable  function  to  subtract  and  add;  in  this  case  a  function 
which  can  be  efficiently  summed  by  the  PSF  is  needed. 

-2 

The  most  obvious  choice  for  f  (x)  in  this  case  might  be  f  (x)  =  x 

3.  a 

•"2  .  2  2  —  1 

However,  while  x  is  asymptotic  to  (x  -  b  )  for  large  x,  it  is 
singular  at  x  =  0  and  thus  is  not  suitable  for  acceleration  by  the  PSF 
because  its  transform  does  not  decay  rapidly.  Instead,  choose 

f  (x)  =  — — -  (3.1-5) 

a  x2  +  u2 

where  u  is  a  real,  arbitrary  constant.  Now  f  (x)  is  asymptotic  to  f(x) 
and  has  no  real  singularities,  and  can  be  efficiently  summed  with  the  PSF. 
Substituting  Equation  (3.1-5)  into  Equation  (3.1-4)  and  applying  the  PSF 
formula  to  the  second  summation  results  in 


F(b)  =  l 

n 


2  .  2 
n  +  u 


n 


-2irn 

e 


(3.1-6) 


The  second  sum  in  Equation  (3.1-6)  converges  very  rapidly,  and  the  first 

-4 

sum  can  be  shown  to  converge  as  n  .  While  this  may  be  adequate  in  some 
cases,  more  rapid  convergence  may  be  needed,  particularly  for  sums  in  two 
or  more  indices.  The  first  sum  can  be  made  to  converge  arbitrarily  fast 
by  subtracting  as  many  terms  as  needed  of  the  asymptotic  expansion  of  f(x) 
in  powers  of  x  An  asymptotic  expansion  of  a  function  f(x)  is  a  series 
which  satisfies  the  equation: 

f(x)  -  }_  c.x  ^  =  o(x  L)  as  x  + 

1-0  * 


00 


(3.1-7) 


where  f  (x)  is  the  £th  term  of  the  asymptotic  expansion,  and 
f(x)  =  o( g( x) )  as  X  +  XQ  if  f(x)/g(x)  +0  as  x  +  xq  [57].  A  suitable 
choice  for  the  asymptotic  expansion  is  one  for  which  each  term  can  be 
summed  efficiently  by  the  PSF  (or  any  other  technique).  After  deriving  an 
asymptotic  expansion  and  applying  the  PSF  to  the  sums  of  the  terms  of  the 
asymptotic  expansion,  Equation  (3.1-4)  becomes 


l  f(n)  =  l 


f  ( n) 


l  fa*<n) 

1=0  ali 


L 

I  i 

1=0 


fa£(2lTn) 


(3.1-8) 


Now  the  terms  of  the  first  sum  on  the  right-hand  side  of  Equation  (3.1-8) 

will  behave  asymptotically  as  n  ^  *  or  better,  from  Equation  (3.1-7).  Of 

course,  the  number  of  terms  in  the  subtracted  asymptotic  expansion  can  not 

be  increased  indefinitely  without  paying  a  price;  as  L  increases,  the  PSF 

results  in  a  sura  which  converges  increasingly  slowly.  This  behavior  is 

expected  from  the  previous  discussion  of  the  PSF.  A  suitable  expansion 

for  f^(x)  is  to  use  the  first  few  terms  of  a  Taylor  series  expansion.  For 

the  reasons  discussed  above,  an  expansion  in  powers  of  x  ^  is  not 

2  2  2  2  2  2. 

suitable.  Instead  the  substitution  (x  -  b  )  =  (x  +  u  )  -  (b  +  u  )  is 
2  2  2  2  2  2 

made.  Denoting  (x  +  u  )  =  <  and  (b  +  u  )  =  a  ,  the  Taylor  series 

expansion  of  f(x)  in  powers  of  <  *  is 


f  ( x) 
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(3.1-9) 


From  now  on,  the  dependence  of  k  on  the  continuous  variable  x  or  the 
summation  index  will  be  understood.  The  individual  terms  in  Equation 


(3.1-9)  are  smooth  functions  and  are  therefore  amenable  to  an  application 


of  the  PSF .  Hence,  if  one  chooses  the  first  L  terms  of  the  above  series 
as  the  asymptotic  expansion  in  Equation  (3.1-8),  F(b)  becomes 

F(b)  =  l 
n 

(3.1-10) 
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The  Fourier  transform  pair  (58] 
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has  been  used  to  obtain  Equation  (3.1-10).  T  is  the  gamma  function,  and 
Ky  is  the  modified  Bessel  function  of  order  v.  As  usual,  F  and  F  * 
denote  Fourier  and  inverse  Fourier  transformations,  respectively. 

Equations  (3.1-1),  (3.1-2)  and  (3.1-10)  give  three  different  methods 
to  evaluate  the  same  number.  Equation  (3.1-2)  is  actually  an  acceleration 
procedure  in  itself,  as  the  cotangent  would  be  computed  using  a  rapidly 
convergent  series,  an  approximating  polynomial,  or  some  other  technique 
which  is  usually  transparent  to  the  user.  Both  Equations  (3.1-1)  and 
(3.1-2)  are  generally  considered  exact  representations  of  the  same  number, 
as  the  result  can  be  computed  to  arbitrary  accuracy  if  enough  terms  of  the 
sura  are  taken.  The  accelerated  formula  of  Equation  (3.1-10)  is  also  exact 
in  this  sense.  If  enough  terms  of  the  two  rapidly  convergent  sums  in  this 
equation  are  taken,  arbitrary  accuracy  can  be  achieved,  because  even 
though  the  asymptotic  form  of  the  terms  has  been  subtracted,  the  sum  of 
these  terms  is  added  back  by  the  second  infinite  sum,  resulting  in  an 
exact  expression  which  can  be  summed  to  arbitrary  precision. 


The  effectiveness  of  the  acceleration  method  is  demonstrated  in 


Figure  3.1.  Using  Equation  (3.1-2)  for  the  exact  answer,  the  absolute 
error  in  percent  is  plotted  versus  the  number  of  terms  summed  of  the  first 
sum  (in  n)  in  Equation  (3.1-10),  for  L  ■  0,  1,3  and  5,  where  L  »  0  is  the 
direct  or  unaccelerated  summation.  In  the  figures,  level  j l  means  L  ■  t. 
To  obtain  the  data  for  these  plots,  the  second  sum  in  Equation  (3.1-10) 
was  first  summed  to  machine  accuracy,  approximately  14  digits,  on  a  CDC 
6600.  Then  the  percent  relative  error  after  summing  M  -  2N+1  terms 
of  the  first  sum  is  plotted  (symmetric  partial  sums  about  n  ■  0,  where 
N  is  the  upper  limit  on  n).  In  all  the  examples  b  ■  0.75.  Clearly 
the  acceleration  procedure  is  a  distinct  improvement  over  the  unac¬ 
celerated  sum.  Even  after  summing  1000  terms,  the  unaccelerated 
sum,  L  *  0  in  Equation  (3.1-10),  has  a  relative  error  of  0.1  percent. 
With  only  a  first-order  acceleration  (L  *  l),  a  comparable  accuracy 
is  realized  with  only  15  terms  (M  ■  15),  and  with  the  fifth-order 
acceleration  the  relative  error  is  0.00047  percent  after  only  9  terms.  As 
expected,  as  the  level  of  acceleration  is  increased,  the  number  of  terms 
required  for  a  given  relative  error  decreases.  Unfortunately,  the 
opposite  is  true  of  the  second  infinite  sum  in  Equation  (3.1-10).  For 
L  ■  1  in  Figure  3.1,  23  terms  were  required  to  sum  the  second  sum  to 
machine  accuracy,  and  7  terms  (M  *  7)  were  required  for  5  digits  of 
accuracy.  For  L  *  3,  the  number  of  terms  required  were  25  and  9,  and  for 
L  »  5,  they  were  27  and  9,  respectively.  Obviously  there  is  a  trade-off 
here  which  prevents  the  order  of  acceleration  from  being  increased 
indefinitely. 

Finally,  Figure  3.2  demonstrates  the  effect  of  varying  the  parameter 
u.  In  each  curve  in  Figure  3.2,  L  -  3  and  b  -  0.75.  As  in  Figure  3.1, 


' 


.  '  *  *  • 


hzho/opto  z»-*  rcoaixjm  m<t-*-i3>rrn» 


Figure  3.2 


Effect  of  the  parameter  u  on  the  convergence  of  the  first 
infinite  sum  in  Equation  (3.1-10)  with  L  -  3  and  b  ■  0.75 


the  second  sum  was  summed  to  machine  accuracy,  and  the  relative  error  in 
percent  after  summing  M  terms  of  the  first  sum  of  Figure  (3.1-10)  is 
plotted.  It  is  evident  that  as  u  decreases  fewer  terms  of  the  first  sum 


are  required  for  a  given  level  of  accuracy.  However,  the  opposite  is 
again  true  for  the  second  sum.  The  number  of  terms  required  in  the  second 
sum  for  machine  precision  and  5  digits  of  accuracy,  respectively,  were  9 
and  3  for  u  »  1.5,  25  and  9  for  u  »  0.5,  and  61  and  21  for  u  **  0.2. 

Obviously,  one  would  not  want  to  choose  u  too  small.  The  optimum  choice 

of  u  will  depend  on  the  particular  problem,  but  it  is  not  particularly 

critical  and,  of  course,  does  not  affect  the  final  answer  if  enough  terms 

of  both  sums  are  taken. 

To  summarize  the  acceleration  method,  given  a  slowly  convergent  sum 

of  terms  f(n),  one  or  more  terms  of  the  asymptotic  expansion  f^(n)  in 

2  2  -1/2 

inverse  powers  of  the  smoothed  parameter  tc  =  (n  +u  )  are  derived.  The 
original  sum  is  then  expressed  as  the  sum  of  two  new  infinite  summations 
in  the  form  of  Equation  (3.1-8).  The  terms  of  the  first  sum,  f(n)-f  (n), 
approach  zero  asymptotically  no  worse  than  x  L  *  ,  where  L  is  the  power 
of  the  last  term  in  the  asympotic  expansion  fa(n);  hence,  the  first  sum 
can  generally  be  made  to  converge  satisfactorily.  The  second  sum,  with 
terms  fa(n),  can  be  efficiently  summed  by  an  application  of  the  PSF,  due 
to  the  expansion  in  powers  of  the  smoothed  parameter  x. 

3.2.  Application  of  the  Acceleration  Technique  to  Two-dimensional  Sums 

As  discussed  earlier,  the  application  of  the  acceleration  technique 
to  the  two-dimensional  summations  such  as  given  in  Equation  (3.1)  is 
somewhat  more  detailed  due  to  the  more  complicated  functions  involved  and 
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the  additional  difficulty  of  applying  the  PSF  on  a  general  two-dimensional 
lattice.  The  ability  to  use  a  general  lattice  instead  of  only  a 
rectangular  lattice  is  required  to  analyze  the  important  case  of  a 
hexagonal  array.  In  this  section,  a  general  procedure  will  be  developed, 
noting  in  particular  the  steps  required  to  change  the  Green’s  function  to 
one  for  another  problem  and  to  incorporate  different  basis  and  testing 
functions.  The  steps  required  to  obtain  the  two  infinite  summations  on 
the  right-hand  side  of  Equation  (3.1-8),  infinite  in  two  indices  from  now 
on,  will  be  discussed.  As  an  example,  the  asymptotic  expansion  of  one 
component  of  the  periodic  Green's  function  will  be  derived.  Next,  the 
application  of  the  PSF  to  two-dimensional  sums  on  non-orthogonal  lattices 
will  be  discussed.  In  Section  3.3  the  technique  is  applied  to  two 
examples  of  interest,  and  a  brief  discussion  of  some  of  the  parameters 
affecting  the  numerical  evaluation  of  the  infinite  sums  is  contained  in 
Section  3.4. 

3.2.1.  General  formulation 

The  inner  products  that  must  be  evaluated  to  fill  the  Z  and  V 
matrices  derived  in  Section  2.3  are  all  of  the  form 

Zrp  ■  T  H  0  Jj  f,  em(;r  -  l)  0.2-1) 

mn 

♦  + 

Again,  ( Pr  -  Pp)  is  the  vector  from  the  pth  basis  function  to  the  rth 

testing  function.  To  apply  the  acceleration  technique,  the  asymptotic 

expansion  is  derived  for  G^  only.  While  this  is  not  the  only 

possibility,  it  is  a  convenient  approach.  Denoting  the  asymptotic 

expansion  of  G  as  G, ,,  Z  J  can  be  expressed  as: 
i j  i j  rp 


Z  =  T  11  (G- •  ~  G. .)  J.T.  e  (p  -  p  ) 
rp  A  ^  ij  ij  J  i  mn^r  Kp 
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(3.2-2) 


The  first  two-dimensional  sum  in  Equation  (3.2-2)  will  be  referred  to  as 
the  spectral  sum  and  denoted  S„  because  its  terms  are  functions  of  the 

p  ^ 

-► 

spectral  variable  $=88  +88.  The  second  sum  is  accelerated  by  the 

x  x  y  y  J 

PSF,  which  results  in  a  sum  whose  terms  are  a  function  of  the  spatial 

variable  p.  It  will  be  referred  to  as  the  spatial  sum  and  denoted  S  . 

P 

3.2.2.  Spectral  sum 

The  derivation  and  evaluation  of  the  spectral  sum  are  fairly 

straightforward.  The  Fourier  transforms  of  the  basis  and  testing 

functions  will  generally  be  available  in  closed  form,  and  the  only 

remaining  step  in  the  derivation  is  to  obtain  j •  Following  the 

procedure  outlined  in  Section  3.1,  a  Taylor  series  expansion  of  is 

derived,  but  as  before,  instead  of  using  powers  of  K  \  where  K  =  Ik  I, 

mn’  mn  1  mn1’ 

a  Taylor  series  is  derived  in  powers  of  a  smoothed  parameter  k  ,  where 

2  2  2 

now,  similar  to  the  definition  in  Section  3.1,  k  =  (K  +  u  )  .  This 

mn 

procedure  is  entirely  general  and  should  apply  to  the  Green's  function  for 
any  problem.  This  report  is  concerned  with  the  Green's  function  for  a 

grounded  dielectric  slab,  given  in  Equation  (2.2-20).  As  an  example, 
consider  G  given  in  Table  2.1. 

Because  only  the  asymptotic  form  of  the  Green's  function  is  of 

interest,  G  can  be  more  conveniently  expressed  as 
xy 
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where 


Y  =  /K2  -  k2  =  js 

mn  o 


Y'  ■  /k2  -  e  k2  =  js' 
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In  order  to  derive  the  asymptotic  expansion  in  powers  of  <  1 ,  Y  and  Y*  are 
written  as 


Y  =  /(K2  +  u2)  -  (k2  +  u2)  =  -  a2 

mn  o 


(3.2-4) 


Y'  =  Ak2  +  u 2)  -  (e  k2  +  a2)  =  Jk2  -  B2 
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where  a  =  k  +  u  and  3  =  k  e  +  u  .  The  dependence  of  <  on  m  and 

o  or  r 

is  understood.  This  3  only  occurs  in  the  coefficients  of  the  asymptotic 

expansions  and  should  cause  no  confusion  with  the  magnitude  of  the 

spectral  variable,  3.  Next,  the  asymptotic  expansions  of  parts  of  G  are 

xy 

found  and  the  results  combined  to  give  G 

xy 

The  term  coth(Y't)  arises  due  to  the  dielectric  slab,  and  does  not 
appear  in  the  free-space  Green's  function.  The  asymptotic  expansion  of 
this  term  in  powers  of  k  ^  can  be  shown  to  be  1;  therefore  this  term  can 


be  neglected  in  the  asymptotic  expansion.  Unfortunately,  for  thin 
substrates  many  terms  may  be  required  before  1  is  a  good  approxi¬ 
mation  to  coth(Y't),  which  can  increase  the  number  of  terms 


required  for  adequate  numerical  convergence  of  the  spectral  sum.  This 
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will  not  be  a  problem  here  because  this  report  is  concerned  with  thick 
substrates.  Other  theories  are  available  to  analyze  microstrip  antennas  on 
thin  substrates. 

The  exponential  term  exp  -y(z-t)  can  be  expanded  by  expressing  it  as 


-y(z-t)  _  -<(z-t)  (x-y)(z-t) 

e  -  e  e 


(3.2-5) 


An  asymptotic  expansion  for  the  latter  exponential  can  be  derived,  while 
the  multiplying  exponential  is  left  intact  to  be  handled  by  the  PSF. 
However,  if  the  testing  function  is  at  z  =  t,  in  the  source  plane,  as  is 
generally  the  case,  this  term  becomes  1.  An  expansion  of  Equation  3.2-5 
is  needed  only  if  a  component  of  the  periodic  Green's  function  in  which  it 
appears  needs  to  be  evaluated  outside  the  array  plane.  This  case  does  not 
arise  in  this  report. 

The  only  remaining  term  for  which  an  asymptotic  expansion  is  needed 
is  (y '+ery) .  This  is  easily  obtained  by  adding  the  Taylor  series 
expansions  (in  powers  of  <  ,  of  course)  of  y  and  y' .  The  first  few  terms 
of  the  expansion  for  (y'+  t  y)  are: 


( y '  +  e  y) 
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( 1  +  e  )  <  l  a. 
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where  the  coefficients  a^  ^  are  found  in  Table  3.1.  Using  Equation 
(3.2-6),  the  asymptotic  expansion  of  G  is  obtained: 
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where  the  coefficients  C  are  also  found  in  Table  3.1. 

2. ,  x. 

In  the  same  manner,  one  obtains  asymptotic  expansions  for  the  other 
components  . ,  and  for  convenience  these  are  listed  in  Table  3.2.  The 
coefficients  can  be  found  in  Table  3.1. 

This  completes  the  derivation  of  the  spectral  sum,  S^.  In  summary, 

each  term  of  the  spectral  sum  consists  of  the  term  from  the  original 
series,  as  in  Equation  (3.2-1),  minus  the  asymptotic  expansion  of  all  or 
part  of  the  original  term,  as  discussed  above.  For  the  inner  products  of 
interest  here,  this  results  in  the  first  double  summation  in  Equation 
(3.2-2),  which  is  more  rapidly  convergent  than  the  original  sum.  In  this 
report,  an  asymptotic  expansion  is  derived  for  the  Green's  function  only, 
transforms  of  the  basis  and  testing  functions  being  handled  by  the 
PSF .  The  asymptotic  expansion  is  straightforward  to  derive,  and  the 
expansions  of  the  Green's  function  for  a  single  layer  GDS  are  all 
tabulated  in  Table  3.2.  The  treatment  of  the  spatial  sum,  to  be  discussed 
next,  is  somewhat  more  detailed. 

3.2.3.  Spatial  sum 

The  first  step  in  the  acceleration  procedure  is  to  subtract  from  the 
terms  of  the  original  sum  their  asymptotic  form,  resulting  in  a  more 
rapidly  convergent  sum.  This  sum  is  the  spectral  sum  discussed  above.  To 
complete  the  procedure,  the  asymptotic  terms  subtracted  in  the  previous 
step  must  be  summed  and  added  to  the  spectral  sum.  Because  of  the  form  of 
the  terms  of  the  asymptotic  expansion,  this  second  sum  can  be  efficiently 
summed  by  using  the  PSF.  This  sum,  denoted  the  spatial  sum  due  to  its 
final  form,  has  the  general  form: 


(3.2-8) 


Vx^'u  Vi  -  5p) 
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The  application  of  the  PSF  is  made  clearer  by  noting  that  the  PSF  is 
derived  from  an  application  of  Parseval's  theorem  [41 j,  which  can  be 
stated 

00  00  00  00 

J  /  ^(8)  f2(8)  dBxd«  -4* 2  /  /  fjC-p)  f2(p)  dxdy  (3.2-9) 

The  PSF  is  obtained  by  choosing  as  f2 (p)  a  two-dimensional  impulse  train, 

or  comb  function.  A  comb  function  has  as  its  Fourier  transform  another 

comb  function.  Integrating  the  comb  functions  on  each  side  of  the 

equation  against  the  continuous  functions  f^(p)  and  fj(8)  results  in  two 

infinite  summations,  and  the  equality  gives  the  PSF. 

To  use  Parseval’s  theorem  to  obtain  the  PSF  acceleration  of  S  ,  one 

P 

expresses  S^  as 
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This  is  then  separated  into  the  two  functions 


f\(8) 


and  f2(B) 
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An  unshifted  comb  function  on  the  spectral  lattice  shown  in  Fig.  2.1-b 


has  as  a  transform  pair  the  comb  function  defined  by  the  spatial  lattice 


of  Figure  2.1-a.  Using  shifting  theorems  [41],  f2(p)  is  found  to  be 
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With  this  result,  the  general  form  of  the  spatial  sum  becomes 


s  =  H  f,(p  -  p  -  £  }  J2ir( 
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where 


fj(p)  =  F_1  {&?(?)  J.(0)  Ti(  0)  }  (3.2-13) 

and  the  relation  2  *S  =  2ir(mm  +  nn  )  has  been  used;  0  is  the 

o  mn  o  o  o 

element-to-element  phase  shift  for  beam  steering,  as  discussed  in  Section 

2.2. 

With  the  evaluation  of  Sp,  the  original  unaccelerated  inner  product 
of  Equation  (3.2-1)  can  be  expressed  as  the  sum  of  two  rapidly  convergent 
sums,  given  by  Equation  (3.2-2).  The  evaluation  of  f^(p)  is  the  most 
difficult  part  of  applying  the  acceleration  procedure.  A  computer  program 
written  to  evaluate  the  spectral  sum  requires  only  minor  alterations  to 
use  different  basis  and  testing  functions,  assuming  the  transforms  of 
these  functions  are  available  in  closed  form.  Even  changing  the  Green's 
function  in  order  to  solve  problems  in  free  space  or  on  multilayered 
dielectrics,  for  example,  is  generally  not  difficult,  usually  requiring 
only  a  line  or  two  to  evaluate  the  Green's  function  and  requiring 


different  coefficients  for  the  asymptotic  form.  The  evaluation  of 
f^(p)  can  vary  in  difficulty  depending  on  the  smoothness  of  the 
basis  and  testing  functions,  as  will  be  shown  by  the  examples  of  the 
next  section.  First  an  observation  about  the  acceleration  technique  is  in 
order.  The  general  foundations  for  this  technique,  namely  Rummer's 
transformation  of  series  and  the  PSF,  are  widely  known  and  used.  As  such, 
techniques  similar  to  this  one  abound  in  the  literature,  and  a  few 
examples  from  the  antenna  literature  deserve  mentioning. 

Chang  [59]  combined  the  subtraction  technique  with  the  PSF  in  an 
analysis  of  dipole  arrays.  However,  he  only  subtracted  one  term,  unlike 
the  approach  used  here.  Butler  and  Keshavamurthy  use  a  similar 
approach  to  evaluate  infinite  series  in  analyses  of  radial,  parallel-plate 
waveguides  [60]  and  circular-disk  microstrip  antennas  [61],  Another 
example  is  a  technique  used  by  Alexopolous  and  Rana  to  evaluate 
Sommerfeld  integrals  [22].  In  that  reference,  the  tail  of  the  integral 
is  approximated  by  several  asymptotic  terms,  and  each  term  is  integrated 
in  closed  form.  The  fact  that  they  are  dealing  with  integrals  is  unim¬ 
portant,  because  these  techniques  apply  equally  well  to  integrals  as 
series.  However,  they  are  approximating  the  tail  of  the  integral 
and  do  not  develop  an  asymptotic  expansion  in  the  smoothed  parameter  ic  *. 
Brittingham,  Miller  and  Okada  [46]  use  a  technique  very  similar  to  this 
one,  also  to  evaluate  Sommerfeld  integrals.  They  begin  by  deriving 
the  same  asymptotic  expansion  as  done  here,  but  then  use  it  as  an 
approximation  to  the  original  integrand  (terms  of  the  summation  in 
this  case).  This  is  equivalent  to  ignoring  the  spectral  sum  and  is  a 
valid  approximation  if  the  observation  point  is  very  close  to  the  source 
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point.  Undoubtedly  there  are  other  similar  applications,  but  these  three 
demonstrate  some  of  the  most  common  approaches. 


3.3.  Examples  of  Inner  Product  Evaluation 


Because  current  distributions  in  different  problems  can  have  very 
different  characteristics,  the  ability  to  change  basis  and  testing 
functions  easily  is  desirable  in  a  moment  method  code.  In  this  section 
the  evaluation  of  the  spectral  and  spatial  sums  will  be  examined  for  two 
different  choices  of  basis  and  testing  functions.  Most  of  the  attention 
is  given  to  the  details  of  evaluating  the  spatial  sum,  as  the  spectral  sum 
is  easily  altered  and  evaluated  when  changing  functions.  All  of  the 
examples  will  use  the  Green's  function  of  the  GDS  of  Figure  2.1a. 

3.3.1.  Electric  field  periodic  Green's  function 

One  example  of  particular  interest,  perhaps  more  academic  than 
practical,  is  the  evaluation  of  the  periodic  Green's  function  for  the  GDS. 
To  evaluate  the  Green's  function,  one  may  choose  impulses  as  basis  and 
testing  functions 


Jj(p')  -  «(p’)  ,  T^p)  -  «(p) 


(3.3-1) 


Transforms  of  the  unshifted  versions  of  these  functions  are  simply  1, 
and  the  formula  for  the  periodic  Green's  function  is  obtained  by 
substituting  1  for  and  T^  in  Equation  (3.2-2) 


-  »')  -X  11  <v4n>  -  =l!(4n»  -  »'> 


+  +  +  12w(mm  +nn  ) 

+  iifi <;-»■- w*  °  ° 

mn 


(3.3-2) 


The  spectral  sum  is  evaluated  by  choosing  G4i  from  Table  2.1,  and  G< 4  from 
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Table  3.2,  and  substituting  into  the  first  summation  in  Equation  (3.2-2). 
The  evaluation  of  the  spatial  sum  is  somewhat  more  complicated.  The 
inverse  Fourier  transformation  required  to  find  f^(p)  can  be  performed  in 
closed  form  only  for  special  cases,  as  in  this  example.  In  Section  3.3.2 
an  example  will  be  given  where  f^(p)  can  not  be  evaluated  in  closed  form, 
as  is  the  case  in  general.  In  all  cases,  the  evaluation  of  f^(p)  is  at 
the  heart  of  the  application  of  the  acceleration  technique. 

In  this  example  f^(p)  involves  only  ,  and  will  be  denoted  G^j . 


fj(p)  -  F'Mg^Cs)}  =  G®  ( p) 


(3.3-3) 


As  discussed  in  Chapter  2,  G^  is  the  Fourier  transform  of  the  ij 
component  of  the  dyadic  electric  field  Green's  function  for  a  point  source 
on  a  GDS.  The  inverse  transform  of  G^  leads  to  Sommerfeld  integrals  and 
is  difficult  to  evaluate.  G^ ,  however,  can  be  computed  easily  and  in 

A  A 

closed  form.  As  an  example,  consider  the  yy  component  from  Table  3.1. 
Ga  is 

yy 


N  C 


o  r  J 


(3.3-4) 


—  3  2  -  i 

The  inverse  Fourier  transforms  of  k  and  B^k  are  needed.  Switching  to 

+  >  —  jj 

polar  notation  B  “  B/_9»  p  “  p/_9,  the  inverse  transform  of  k  is 


g*(p)  "  F  1  =  TH  [zu 


--  1  Kt/2  _  !  (up) 


(3.3-5) 


<■  r. 


For  all  cases  in  this  report,  only  £=1,3  and  3  have  been  used,  with  the 


results 


+  e"up 

8l(p)  =  Up~ 


-  e_up 

g3(p)  ~  2 itu 


( 3 . 3-6a) 


( 3 . 3-6b) 


g5(p)  = 


e  up( up  +  1 ) 


(3.3-6c) 


The  functions  g^(p)  will  be  referred  to  as  the  asymptotic  Green's 
function.  When  used  to  evaluate  different  components  of  the  periodic 
Green's  function,  these  terms  will  be  multiplied  by  different  constants, 
and  one  or  more  terms  can  be  used,  depending  on  the  level  of  acceleration. 
However,  the  relation  of  g^(p)  to  the  free-space  Green's  function 
exp(-jkop)/p  is  obvious,  and  because  the  terms  are  used  together,  the  term 
asymptotic  Green's  function  will  apply  to  them  all.  This  relation  has 
important  consequences  to  the  evaluation  of  f ^ ( p )  in  some  cases  and 
will  be  discussed  later. 

2  -£ 

Next,  the  inverse  transforms  of  8  <  must  be  evaluated.  In 

y 

rectangular  form  these  transforms,  denoted  by  g^  (p),  are 


gry(S)  -  A  i  i 


p2 

6y  e 


df5  d 6 


4tt 


(B2  +  u2)^2  *  > 


(3.3-7) 


Unfortunately  this  integral  representation  is  divergent  for  £  =  1,  but  can 


be  evaluated  by  a  limiting  or  regularization  procedure.  For  example,  the 


condition  z  =  t,  which  caused  the  exponential  term  in  z  to  drop  out,  can 
be  relaxed.  Since  the  electric  field,  the  Green's  function,  is  finite  in 
the  z  =  t  plane,  excluding  source  points,  and  the  integral  is  convergent 
for  z  *  t,  a  limit  can  be  taken  as  z  >  t .  This  difficulty  is  due  to  the 
singularity  in  the  Green's  function  in  the  source  plane,  as  discussed 
earlier.  A  better  way  to  evaluate  the  inverse  transforms  is  to  recognize 
that 


oo  oo  3 

*iyc  S)  ,11  --y 


JB*P 


3yx  I  (g2  +  u2) 


d  3  dg 
x  y 


(3.3-8) 


which  is  just  an  application  of  the  differentiation  theorem  from  Fourier 
analysis  [41].  In  this  manner,  one  obtains  the  result 


*jy(p)  -  f~Ms;  <■*}  = 


3y 


2  8Z(p) 


For  £=1,3  and  5,  this  gives 

„yy ti\ 


f—  /  \ 
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e-up 

| 

1  2  2u  2 

.  2  ' 

u  1 

2  A 

2  irp 

|U  +  -  +  — =■ 

P  2 

sm  q> 
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COS  <)> 

P  J 

! 

P  J 

-up 


yy,+x  e  ,  .  1  ,  2  N 

‘  =  -  -  (up  sin  <J)  -  cos  (j>) 


zyHp)  =  - 
g3  P  2  ttP 


g?y(p)  = 


-up 

0  _  2 

(upsin  <b  —  1 ) 


6ttu 


(3.3-9) 


(3.3-10a) 


(3.3-10b) 


(3.3-10c) 


Now  the  functions  g^ ( p)  are  singular  only  at  the  source  point  p  =  0,  not 
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at  all  points  in  the  plane  z  ~  t,  as  before.  This  will  be  discussed  in 
more  detail  shortly,  but  first  the  functions  needed  to  complete  the 
derivation  of  the  spatial  sum  of  the  other  components  of  the  Green's 
function  will  be  derived. 

For  the  other  components  of  the  Green's  function,  the  inverse 
2  - l  -l  -£  -l 

transforms  of  3  k  ,  M  <  ,  3  <  and  3  <  are  needed.  The  transforms 

x  x  y  y  x 

of  3  k  are  obtained  from  Equations  (3.3-10a-c)  by  interchanging  sin  4> 
and  cos  <}>■  In  a  similar  process  to  the  above,  these  transforms  can  be 


up 


(3.3-13c) 


where  g^Cp)  is  obtained  by  replacing  sin  $  with  cos  <j>. 

At  this  point  the  yy  component  of  the  periodic  Green's  function  can 
be  accelerated,  and  in  addition  all  of  the  functions  needed  to  evaluate 
the  other  components  of  the  periodic  Green's  function  in  Table  2.1  have 
been  derived.  The  result  is 


Gl/P-  <£..<£,)  -G*(IC  ))  e(p  -  ;•) 


A/  /  \  \  xv  /  VJ  ,  .  v  //  c  v 

ij  mn  ii  mn  mn 

mn 


rr  3  -►  -►  i  2  tt(  mm  "t*nn  ) 

+  II  G“j(p  -  p'  -  Sm„)  eJ  0  0 


mn 


mn 


(3.3-14) 


where  ^.(K^)  is  found  in  Table  2.1,  is  found  in  Table  3.2,  and 

a  > 

Gij(p)  is  found  in  Table  3.3.  In  these  tables  [  *]x  y  indicates  the 
interchange  of  x  and  y,  as  usual. 

Before  demonstrating  the  effectiveness  of  the  acceleration  technique 

with  some  numerical  results,  the  question  of  convergence  should  be 

discussed  further.  Without  any  acceleration,  the  terms  of  G  (it  ) 

yy  mn 

behave  for  large  m  and  n  as 


n2  -/m'  +  n2  (z-t) 

7=-  -  e 

jj—  - 

/m  +  n 


(3.3-15) 


and  Gyy( p  -  p' )  does  not  converge  if  z 
all  the  other  components.  This  is  due 
in  the  formulation  and  is  not  physica 


=  t.  The  same  behavior  is  true  of 
to  the  use  of  source-free  equations 
1.  One  of  the  initial  boundary 
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conditions  used  was  the  continuity  of  the  tangential  electric  field  at  the 
source  plane,  excluding  source  points.  To  evaluate  G^y(p-  p' )  as 
formulated  in  Chapter  2,  one  could,  as  stated  above,  take  the  limit  as  z 
approaches  t,  but  this  is  very  expensive  as  the  sum  is  very  slowly 
convergent  for  z  close  to  t.  Fortunately,  the  accelerated  version  of 
Gyy(p  -  p' ) ,  given  by  Equation  (3.3-14),  is  convergent  when  z  =  t. 

Figure  3.3  demonstrates  the  approach  of  the  unaccelerated  (direct) 

sum  to  a  limiting  value  at  z  =  t.  In  this  example,  the  yy  component  of 

the  periodic  Green's  function  for  a  square  lattice  with  =  S2  =  0.5 

on  a  GDS  with  t  =  0.1  \  and  e  =  2.55  was  evaluated  with  no  phase  shift 

or 

and  an  observation  point  (p  -  p' )  =  0.3  j»^  +  0.3S2.  First,  what  will  be 
called  the  "exact"  answer  was  obtained  using  a  fifth-order  acceleration 
(L  =  5) ,  with  the  constant  u  =  0.5  0av,  where  0av  =  (  0j  +  ty/l.  Next, 
the  value  of  the  direct  sum  was  computed  for  values  of  z  approaching  t, 
and  the  relative  error  in  percent  from  the  "exact”  value  plotted  versus 
z  -  t.  It  is  seen  that  as  z  approaches  t  the  relative  error  approaches 
zero.  Since  the  field  is  continuous  through  the  source  plane,  one  would 
expect  the  error  to  continue  asymptotically  to  zero  as  z  approaches  t.  The 
limit  was  not  taken  further  because  of  the  extremely  slow  convergence  of 
the  direct  sum.  This  simple  example,  while  not  a  proof,  demonstrates  the 
convergence  of  the  direct  sum  in  the  limit  as  z  approaches  t  to  the  value 
obtained  from  the  accelerated  sum.  The  remaining  examples  demonstrate  the 
effectiveness  of  the  acceleration  procedure  and  address  the  choice  of  u 
and  L. 

Figure  ’’.4  shows  the  relative  error  in  percent  after  summing  N  terms 
of  the  spectral  sum.  N  =  (2M+1)2  is  the  number  of  terms  in  a  partial  sum 


Hzrnnajmn  z*-<  ajoxjajm  mo-'HDrrtJo 
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LEVEL  1 


LEVEL  5 


_  LEVEL  3 


Figure  3.4.  Convergence  of  the  spectral  sum  of  G  (p  -  p' )  for  level  1 
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including  all  terms  for  which  |m|  and  |n|  are  less  than  M.  As  in  Figure 
3.1  the  exact  answer  was  initially  computed  with  a  fifth-order 
acceleration  summed  to  very  high  accuracy.  Again,  in  the  figures,  level  l 
means  L  =  l.  The  lattice  vectors  and  S2  and  the  GDS  are  the  same 
as  in  Figure  3.3,  and  again  there  was  no  phase  shift.  The  observation 
point  is  at  (p  -  p')  =  0.02  Sj  +  0.02  S2.  As  expected,  the  higher 
the  order  of  acceleration  the  lower  the  error  for  a  given  number  of  terms. 
The  oscillation  is  due  to  the  phase  variation  in  the  terms,  which  was 
not  present  in  the  example  in  Figure  3.1.  Figure  3.5  also  shows  the 
relative  error,  but  for  the  spatial  sum.  While  it  converges  very 
rapidly,  it  is  seen  that  increasing  L  increases  the  error  for  a 
given  number  of  terms,  in  opposition  to  the  spectral  sum. 

Figures  3.6  and  3.7  repeat  the  results  of  Figures  3.4  and  3.5,  except 
that  the  observation  point  is  moved  to  (p  -  p')  =  0.3  £  +  0.3  It,.  The 
behavior  is  similar  to  the  corresponding  plots  in  the  previous  example. 
In  Figures  3.8  and  3.9,  the  effect  of  the  parameter  u  on  the  convergence 
of  the  spectral  and  spatial  suras  is  shown  for  the  same  case  as  in  Figures 
3.6  and  3.7.  The  results  for  three  values  of  u  are  plotted,  u  =  0.2  8  , 
0.5  8av  and  3.0  8av>  In  all  cases,  L  =  5.  From  Figure  3.8,  it  is  apparent 
that  too  high  a  value  of  u  is  undesirable,  and  a  lower  value  is  better  in 
general.  As  expected,  the  error  decreases  at  the  same  rate  in  all  three 
cases,  as  they  are  all  the  same  order  of  acceleration.  In  Figure  3.9,  the 
opposite  behavior  is  seen  in  the  spatial  sum.  When  u  =  3.0  8av ,  only  9 
terms  are  required  for  a  relative  error  of  better  than  10  ^  percent,  and 
the  error  for  a  given  number  of  terms  increases  as  u  decreases. 

From  these  examples  u  =  0.5  8gv  seems  to  be  a  good  value.  In  general, 
this  value  gives  good  results  for  array  spacings  and  dielectric 
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Figure  3.8.  Effect  of  the  parameter  u  on  the  convergence  of  the  spectral 
sum  of  Gyy( p  -  p' )  with  level  5  acceleration  and  observa¬ 
tion  point  0.3^  +0.3?2* 


thicknesses  like  those  used  in  these  examples.  For  particular  problems, 
however,  one  may  want  to  choose  u  so  as  to  decrease  the  number  of  terms 
required  in  either  the  spectral  or  spatial  sum. 

In  this  example,  the  periodic  Green's  function  was  straightforward  to 
compute  because  all  terms  could  be  computed  in  closed  form.  Most  choices 
of  basis  and  testing  functions  do  not  lead  to  results  quite  this  simple, 
as  will  be  demonstrated  in  the  next  example. 

3.3.2.  Rooftop  basis  functions  and  linear  testing  functions 

The  evaluation  of  f^(p)  is  not  as  straightforward  in  general  as  in 
the  previous  example.  A  final  example  will  demonstrate  the  evaluation  of 
fj(p)  for  more  typical  basis  and  testing  functions.  In  this  example,  a 

yy 

component  of  the  matrix  will  be  evaluated  with  rooftop  basis  and 
linear  testing  functions.  These  functions  are  denoted 


Jyq  -  qCLy ; y  -  yq)  P(wx;x  -  xq) 
Tys  ’  «(Vy  ‘  V  6(X  *  XS} 

where 


(3.3-16) 


i  -  i 


q(a;i  -  ip)  -  1 - r 


i1  -  y  < a 


otherwise 


(3.3-17) 


p(a;  i  -  ip)  =*  1 


I*  *  VI* 


■  0  otherwise 

The  transforms  of  the  unshifted  basis  and  testing  functions  are  needed, 


and  are  denoted 
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Jy  =  q(Ly;y)  p(wx;x),  Ty  *=  q(Ly;y) 


(3.3-18) 


where 


q(a;i) 


4  sin  (Bya/2) 
8  2  a 

y 


(3.3-l9a) 


2  sin  ( 0a) 
p(a;i)  = - - - i — 


From  Equation  (3.2-2)  the  spectral  sum  becomes 


-Ga}jT  e  (p  -p) 

8  A  ~~  1  yy  yy 1  y  y  mn  s  Mq 


(3.3-19b) 


(3.3-20) 


where  ( Pg  -  p^)  is  the  vector  from  the  qth  basis  function  to  the  sth 
testing  function.  As  in  the  last  example,  the  spectral  sum  is 
straightforward  to  compute. 

The  spatial  sum  is  given  by  Equation  (3.2-14),  which  was 


rr  ,*  +  >  ,  j2it(tnm  +nn  ) 

s  =*  yy  f,(p  -  p  -  s  )  e  °  0 
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(3.3-21) 


where 


f.  (p)  =  F_1{Ga  J  T  } 

1  1  yy  y  y 1 


(3.3-22) 
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Note  that  Gyy  consists  or  two  terras.  One  terra  will  be  referred  to  as  the  ^ 

scalar  potential  term  because  it  corresponds  to  the  scalar  potential  terra 
in  the  usual  spatial  domain  formulation  of  the  Green's  function.  Under 
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the  Lorentz  gauge,  the  scalar  potential  term  is  proportional  to  two 

differentiations  of  the  magnetic  vector  potential  A  in  Equation  (2.2-13), 

resulting  in  a  factor  of  in  the  numerator  of  this  term.  The  other 

~  a 

term  in  G  corresponds  directly  to  the  magnetic  vector  potential  and  will 
be  referred  to  as  the  vector  potential  term.  Separating  the  terms,  f^(p) 
can  be  written 


fj(p) 


srri  7  rr  -g-1,1'1 

or  o 


(3.3-23) 


where  fg(p)  and  f  ( p)  denote  the  scalar  potential  term  and  the  vector 
potential  term,  respectively,  and  are  given  explicitly  as 


«.<i>  ’  f'1]^  C2,«.  *~l  <, 


-l  J-  ~2 , 


fv<2>  -  rl\  i  Ct 

t-1  ’ 


t  <  1  q2(Ly;y)  p(wx;x) 


(3.3-24a) 


(3.3-24b) 


The  evaluation  of  fg(p)  will  be  considered  first. 

After  substituting  Equation  (3.3-19)  into  (3.3-24a),  and  cancelling 
the  factor  02  ,  fg( p)  becomes 


f  (p)  -  F  1'  l  Q  k1^-  sin2(8  L  /2 )  q(L  ;y)  p(w  ;x) •  (3.3-23) 

s  l-l  y  y  y  y 


The  factor  sin  ( 8yLy/2)  is  handled  by  successive  applications  of  the 
shifting  theorem,  and  application  of  the  convolution  theorem  and  use  of 
Equation  (3.3-5)  result  in 
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)!  C2,  ~  2gJt(^2-)  +  g£(P3^  p(wx;x)i 

(3.3-26) 


where  p^  =  p  -  y,  =  p  and  =  P  +  y 

Before  discussing  the  evaluation  of  Equation  (3.3-26),  the  remaining 
term  f  (p)  will  be  examined.  Applying  the  convolution  theorem  to  Equation 
(3.3-24b),  one  similarly  obtains 


f  (  p)  = 
v 


I  ci  o  Sn(p) 
1=1  I>K  * 


(q(Ly;y)  *  q(Ly ; y)  p(wx;x)) 


(3.3-27) 


Unlike  the  scalar  potential  term  where  the  8^  in  the  numerator  led  to  a 
simplification  of  the  convolution  integral,  two  factors  of  q(L^;y)  appear 
in  Equation  (3.3-27).  This  prevents  the  convolution  integrals  required 
for  fg(p)  and  fy(  p)  from  being  evaluated  simultaneously.  In  addition,  the 
integral  in  Equation  (3.3-27)  is  fairly  complicated,  more  so  than  Equation 
(3.3-26).  Because  computational  efficiency  is  important  in  most 
situations,  an  approximation  can  be  made  which  will  allow  these  two 
integrals  to  be  evaluated  simultaneously.  This  approximation,  which  has 
been  used  successfully  by  Glisson  and  Wilton  [34],  is  based  on  the 
following  observation.  Whenever  p,  the  magnitude  of  p  =  (p^  -  -  Smn  ' 
is  comparable  to  the  support  of  J  and  T,  as  in  the  diagonal  and  the  near 
diagonal  terms  of  the  Z1J  matrices,  the  scalar  potential  term  is  dominant. 
These  terms  are  often  referred  to  as  the  self  and  near-mutual  terms, 
respectively.  When  p  is  large  compared  to  the  support  of  J  and  T, 


f  (p)  is  relatively  insensitive  to  the  shape  of  J,  depending  more  on  the 
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moment  (the  same  is  true  for  T).  With  this  in  mind,  the  rooftop  basis 
function  is  replaced  by  a  two-dimensional  pulse  function  of  equal  moment, 


J  m  p(L  /2;y)p(w  ;x),  where  p(a;i)  was  defined  in  Equation  (3.3-17).  In 
y  ^ 

a  similar  manner,  the  linear  testing  function  T  is  replaced  by  an  equal 
moment  pulse  function,  T  ■  p(Ly/2;y).  As  with  J,  this  approximation  is 
valid  for  large  p  (compared  to  the  support  of  T  and  J),  and  is  not 
important  for  small  p,  where  the  scalar  potential  term  is  dominant. 

With  these  approximations,  and  noting  that 
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f  L 

JL  -y 
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becomes 


(3.3-28) 
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*  (q(Ly;y)  p(wx;x)) 


(3.3-29) 


which  is  in  the  same  form  as  Equation  (3.3-26).  Now,  with  proper  care  to 
ensure  that  the  constants  are  all  correctly  accounted  for,  the 
integrations  of  Equations  (3.3-26)  and  (3.3-29)  can  be  performed 
simultaneously,  improving  the  computational  efficiency. 

The  evaluation  of  convolution  integrals  of  this  type  is 
straightforward,  but  a  few  comments  will  be  made  here.  Recall  the  general 
form  of  the  spatial  sum  S 
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(3.3-30) 


where  p  *  p 


♦ 


is  again  the  vector  from  the  qth  basis  function  to  the 


sth  testing  function.  The  form  of  Equation  (3.3-30)  is  directly  analogous 
to  the  spatial  domain  moment  method  solution  for  an  infinite  array  of 
antennas,  the  primary  difference  being  in  the  Green’s  function.  Each  of 
the  convolution  integrals  in  f^(p)  is  essentially  the  same  as  occurs  in  a 
spatial  domain  moment  method  solution  of  the  same  array  in  free  space, 
except  that  instead  of  the  Green's  function  exp(-jKQ p)/ p,  in  that  problem, 
the  asymptotic  Green's  function  g^p)  is  used.  Of  course,  g£(p),  given  by 
Equation  (3.3-6),  has  an  exponential  decay,  rather  than  the  p  *  decay  of 
the  free-space  Green's  function;  hence,  the  sum  of  Equation  (3.3-30) 
converges  much  faster  in  this  case.  The  similarities,  both  conceptual  and 
numerical,  are  fortunate  because  they  allow  one  to  use  the  wide  body  of 
work,  which  has  been  done  on  the  application  of  these  integrals  as  occur  in 
the  free-space  problem. 

In  keeping  with  this  analogy,  the  convolution  of  g^(p)  (one  or  more 

terms)  with  a  basis  function  can  be  thought  of  as  tne  asymptotic  field  of 

the  basis  function,  asymptotic  in  the  sens*.  that  it  arises  from  the 

j2 it(mm  +nn  ) 

asymptotic  Green's  function.  Thus,  neglecting  the  term  e  °  °  , 

each  term  in  the  spatial  sum  can  be  thought  of  as  the  convolution  of  the 
asymptotic  field  of  the  qth  basis  function  in  the  m,n  unit  cell,  tested 
at  the  center  of  sth  testing  function  in  the  0,0  unit  cell.  This  is  illus¬ 
trated  in  Figure  3.10.  When  testing  the  field  of  a  basis  function  in  a 
unit  cell  sufficiently  removed  from  the  0,0  cell  (m,n  large  enough  in 
Equation  (3.3-30),  a  single-point  approximation  can  be  used,  evaluating 
the  integrand  at  the  center  and  multiplying  by  the  appropriate  weight. 
Typically  all  but  the  0,0  term  are  evaluated  using  this  approximation. 


unless  high  accuracy  is  needed  or  if  few  unknowns  are  used 
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The  evaluation  of  the  0,0  term  must  be  handled  with  more  care.  The 

convolution  integrals  of  Equations  (3.3-26)  and  (3.3-29)  become  singular 

if  P  =  (p  -  p  )  falls  within  the  range  of  the  integration.  The 
s  q 

singularity  is  of  order  p  and  can  be  analytically  integrated.  Using 
the  notation 


^  Cl,£  g£(p)  C 1 ,  £  g£(p)  "  Tfff 


(3.3-31) 


and  subtracting  the  singularity,  f^(p)  becomes 


,(p)  =  Lv  l  c,  j,  g?(p)  *  ;y)  p(w  ;x)) 

'  y  |  1  >  *  K  y  x 


+  L  C.  .  I. (w  ;x,L  ;y) 
y  1 , £  4  x’  ’  y 


(3.3-32) 


where  I^(a;i,b;j)  is  the  analytically  integrated  singularity.  This 
integral,  along  with  results  for  some  other  singular  integrals  which  arise 
in  this  type  of  problem,  are  given  in  Table  3.4  and  some  associated 
function  definitions  are  given  in  Table  3.5.  Several  integrals 
from  Dwight  [62]  were  used  to  obtain  the  results  in  Table  3.4.  If 


the  singularity  subtraction  method  is  to  be  used  for  evaluating  the  0,0 
term  of  all  the  inner  products,  care  must  be  taken  to  avoid  numer¬ 
ical  difficulty  in  the  evaluation  of  the  terms  of  the  form 
2  2  1/2 

log(a  +  (a  b  )  ),  which  can  lose  precision  if  a  is  small  and  negative. 

One  can  avoid  this  problem  either  by  only  subtracting  the  singularity 
when  necessary,  or  using  an  alternative  form  of  the  log  term  [63].  In 
this  report,  the  high  precision  of  the  Cyber  175  allowed  the  subtraction 
of  the  singularity  from  the  0,0  term  of  all  inner  products  without 
loss  of  precision  for  all  cases  except  very  thin  dipoles. 


TABLE  3.4 


A  SHORT  TABLE  OF  SINGULAR  INTEGRALS  ASSOCIATED  WITH  THE  BASIS 
AND  TESTING  FUNCTIONS  USED  IN  THIS  REPORT 
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Note : 


There  are  several  parameters  which  affect  both  the  numerical 
efficiency  and  accuracy  of  the  evaluation  of  the  inner  products.  The 
choices  of  the  constant  u  and  the  order  of  acceleration  L  have  already 
been  discussed,  and  are  primarily  determined  by  their  effect  on  the 
execution  time  required  to  compute  the  sums  to  a  given  tolerance. 
Ideally,  if  enough  terms  of  both  the  spectral  and  spatial  sums  are  taken, 
the  choice  of  u  and  L  only  affects  the  execution  time  and  has  no  effect 
on  accuracy.  However,  because  of  the  approximation  discussed  in  Section 
3.3  to  make  the  evaluation  of  the  convolution  integral  for  the  vector 
potential  term  more  efficient,  the  choice  of  u  and  L  can  change  the 
contribution  of  the  spectral  sum  in  relation  to  the  spatial  sum.  This 
can  cause  the  result  to  be  affected  by  a  change  in  u  or  L,  regardless  of 
how  many  terms  of  the  sums  are  taken.  If  desired,  this  can  be  corrected 
by  using  the  same  approximation  on  the  vector  potential  term  in  the 
spectral  sum,  i.e.,  approx imat ing  the  linear  triangle  dependence  in  y  in 
the  basis  and  testing  functions  with  constant  two-dimensional  pulses. 
However,  if  the  approximation  is  valid  the  effect  of  changing  u  and  L 
should  be  sHght;  in  this  manner,  changing  u  and  L  provides  a  check 
on  the  validity  of  the  approximation. 

Another  parameter  which  must  be  chosen  is  the  accuracy  to  which  the 

convolution  integrals  are  evaluated.  Other  than  the  singular  term,  the 

convolutions  required  to  evaluate  f  ( p)  and  f  ( p)  were  not  done  in  closed 

s  v 

form  except  for  very  simple  cases,  such  as  the  example  in  Section  3.3.1. 


Several  approaches  are  possible,  such  as  replacing  each  term  of  g^(p)  by 
the  first  few  terms  of  a  Taylor  series  and  integrating  each  term  in 
closed  form.  This  approach  was  not  taken  because  the  number  of  terms 
required  for  sufficient  accuracy  in  the  Taylor  series  depends  on  the 
relative  locations  of  the  testing  and  basis  functions,  and  also  because  a 
large  number  of  complex  analytical  integrations  are  required.  Another 
approach  is  to  approximate  the  integrals  by  numerical  quadratures.  In 
this  report  two  quadrature  methods  were  used.  If  the  integrations  were 
one  dimensional,  as  when  using  the  thin-wire  approximation  to  analyze 
dipoles,  the  IMSL  routine  DCADRE  was  used.  In  the  thin-wire  approxima¬ 
tion  the  two-dimensional  integration  required  to  compute  the  inner 
product  is  approximated  by  a  one-dimensional  integration.  This  approxima¬ 
tion  is  discussed  further  in  Chapter  4.  DCADRE  is  an  adaptive  quadrature 
and  is  very  efficient.  In  fact,  no  significant  improvement  in  execution 
time  was  noted  when  the  single  integrals  were  evaluated  with  less  accuracy 
using  16  point  Gaussian  quadratures.  To  evaluate  double  integrals,  the 
IMS!  routine  DBLIN  was  used,  or  in  some  cases,  64  or  128  point  Gaussian 
quadratures  [56].  DBLIN  is  also  an  adaptive  quadrature  routine. 
In  general,  for  the  two-dimensional  integrals,  it  was  found  that  if  enough 
basis  and  testing  functions  were  used  the  Gaussian  quadrature  provided 
sufficient  accuracy  at  a  lower  cost.  In  particular,  for  the  self  and  near¬ 
mutual  terms  where  the  scalar  potential  dominates,  the  singularity 
accounts  for  the  largest  part  of  the  integral,  and  that  part  is  performed 
analytically.  The  remaining  nonsingular  integration  can  be  evaluated 
using  the  Gaussian  quadrature.  For  the  other  inner  products,  the 
integrand  varies  smoothly  enough  that  the  Gaussian  quadrature  was 


sufficient  in  most  cases.  Again,  if  few  basis  and  testing  functions  were 
used,  the  Gaussian  quadrature  was  insufficient,  because  the  range  of 
integration  was  too  large  for  the  singularity  to  be  dominant  in  the  self 
and  near-mutual  terms,  thereby  requiring  more  accuracy  in  the  nonsingular 
numerical  integration. 

Both  DCADRE  and  DBLIN  allow  the  user  to  select  an  absolute  error 
bound,  •'nd  DCADRE  allows  the  user  to  select  a  relative  error  bound.  When 
using  DBLIN,  the  absolute  error  was  chosen  by  estimating  the  answer  with  a 
simple  Gaussian  quadrature  or  one-point  approximation,  and  dividing  the 
absolute  value  of  the  estimate  by  a  relative  error  factor,  typically  100 
or  1000.  The  choice  of  the  relative  error  factor  is  one  of  the  factors 
which  affects  the  computational  efficiency  and  accuracy  of  the  inner 
product  evaluation.  This  choice  was  selected  by  numerical  experimentation 
to  give  satisfactory  answers  at  a  low  execution  time.  When  using  DCADRE, 
the  inverse  of  the  above  relative  error  factor  was  input  for  the  relative 
error  bound,  and  no  absolute  error  bound  was  given  (0.0). 

As  discussed  in  Section  3.3,  the  convolution  integrals  are  evaluated 
using  quadratures  only  for  terms  with  m  and  n  less  than  some  Integer, 
I  .  For  all  other  terms  single-point  approximations  were  used.  Because 
of  the  exponential  decay  of  the  asymptotic  Green's  function,  it  was  found 
that  Imax  could  be  very  low,  typically  0  or  1 .  This  is  another  of  the 
user-selectable  parameters  which  affects  the  evaluation  of  the  inner 
products . 

Another  parameter  to  be  chosen  is  the  truncation  point  of  the  sums. 
Choosing  the  truncation  point  can  be  very  difficult  because  of  the 
trade-off  between  accuracy  and  efficiency.  Rather  than  use  a  fixed  number 


of  terms  for  each  problem,  or  even  a  formula  relating  the  truncation  point 
to  the  array  spacing  and  size  of  the  basis  function,  as  done  by  Rubin  and 
Bertoni  [38],  two  adaptive  summation  routines  were  used  to  compute  the 
spatial  and  spectral  sums.  Denoting  the  sum  of  all  terms  with  jm  |  and  j n  j 
<  N  as  S^,  the  routine  compared  each  partial  sum  to  the  previous  ones 


in  order  to  determine  a  truncation  point.  Because  the  spatial  sum,  S  , 


converges  very  rapidly,  the  routine  to  compute  required  only  that 


SM  SM-1 


M 


<  tol 


(3.4-1) 


where  the  tolerance  tol  is  chosen  to  give  satisfactory  accuracy  and 


efficiency.  At  the  truncation  point,  S  was  set  equal  to  Sw. 

p  M 


Because  of  the  more  oscillatory  nature  of  the  spectral  sum,  a  more 
stringent  test  was  used  in  the  routine  to  compute  S^.  Now  denoting  as 
the  Mth  partial  sum  of  the  spectral  sum,  the  routine  required  that  both 
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SM  “  SM-2 

S  +  Su 
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p  M 

P  M 

<  tol 


(3.4-2) 


before  the  sum  would  be  truncated.  The  routine  compared  the  difference  in 

partial  sums  to  the  sum  of  S  and  S.,  rather  than  just  to  Sw  so  that  if  the 

PM  M 

contribution  of  the  spectral  sum  to  the  total  was  small  compared  to  the 
contribution  of  the  spatial  sum,  fewer  terras  would  be  taken.  This  is  often 
the  case  for  the  diagonal  and  near-diagonal  (self  and  near-mutual 
terms)  of  the  Z  matrices. 

An  alternative  definition  of  a  partial  sum  would  be  to  define  the 

partial  sum  SD  as  the  sura  of  all  terms  for  which  the  distance  from  the 
K 


origin,  fj,  Is  less  than  some  distance  R.  This  Is  known  as  a  spherical  sum 
164J.  However,  it  was  found  that  for  the  infinite  sums  of  concern  here, 
the  definition  of  the  partial  sum  used  above  leads  to  a  significantly 
better  rate  of  convergence. 

One  final  parameter  which  can  affect  convergence  rates  is  the  choice 
of  the  lattice  vectors  3^  and  ^  For  example,  Equation  (3.3-14)  for  the 
periodic  Green’s  function  will  fail  to  converge  for  a  first-order  acceler¬ 
ation  (L  *  1  In  the  asymptotic  expansions)  if  the  observation  point  falls 
on  the  array  lattice  (i.e.,  the  observation  point  can  be  expressed  as  a 
multiple  of  one  of  the  lattice  vectors  alone.)  This  is  caused  by  the  loss 
of  the  phase  variation  in  the  terms  as  one  index  is  increased.  The  higher- 
order  accelerations  will  converge,  but  at  a  somewhat  slower  rate.  This 
difficulty  can  be  resolved  by  choosing  new  lattice  vectors  such  that  the 
observation  point  is  no  longer  on  the  array  lattice.  As  an  example, 
if  a  square  array  of  point  sources  is  defined  by  3^  ■  1.0XQ  /_0#, 
*  I‘OIq/,900,  and  the  observation  point  was  at  0.o3^  +  0.5S2»  the  above 
difficulty  would  occur.  However,  if  the  lattice  vectors  are  chosen  as 
3^  «  1.0 XQ  /_0°,  3^2  “  ^2*  \Q  /_45°,  the  same  observation  point  would  be 
described  in  terms  of  the  new  lattice  vectors  as  -0.53^  +  0.532 — no  longer 
on  the  array  lattice  and,  therefore,  the  sum  will  converge  without 
difficulty. 

Obviously,  there  are  many  trade-offs  to  be  made  in  the  name 
of  efficiency,  such  as  the  choice  of  the  relative  error  factor  mentioned 
above,  the  choice  of  the  parameter  u,  or  the  level  of  approximation.  In 
the  computer  program  used  to  obtain  the  results  of  the  next  two  chapters, 
the  various  parameters  are  input  at  run  time.  Suitable  values  have  been 
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chosen  after  extensive  numerical  experimentation.  However,  as  different 
applications  will  need  to  stress  efficiency  and  accuracy  in  different 
amounts,  there  probably  is  no  optimum  choice  of  any  parameter.  Examples 
of  the  effects  of  the  parameters  on  both  accuracy  and  efficiency  will  be 
given  in  the  next  two  chapters. 

This  chapter  has  attempted  to  introduce  the  acceleration  method  used 
to  efficiently  evaluate  the  inner  products  of  the  Z  and  b  matrices.  In 
addition,  the  example  of  Section  3.3.2  has  demonstrated  the  technique  for 
a  typical  inner  product  of  the  type  which  arises  in  the  examples  of  the 
next  two  chapters.  The  evaluation  of  these  inner  products  has  been 
reduced  to  the  evaluation  of  two  rapidly  convergent  summations.  The 
spectral  sum  is  easily  altered  for  different  inner  products  by  choosing 
the  proper  component  of  the  Green's  functions,  from  Tables  2.1  and  3.2 
and  the  transforms  of  the  basis  and  testing  functions.  The  spatial  sum  is 
reduced  to  performing  a  convolution  integral  of  the  type  that  arises  in 
standard  free-space  moment  method  problems,  except  that  the  integrals 
involve  the  rapidly  decaying  asymptotic  Green's  function.  To  facilitate 
changing  basis  and  testing  functions,  a  table  of  the  singular  Integrals 
which  commonly  arise  has  been  included.  With  this  background  and  the 
formulation  in  Chapter  2,  the  acceleration  technique  can  be  applied  to  the 
analysis  of  various  problems  in  the  next  two  chapters. 


Ail 


■ "  -  ’  ■ 
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CHAPTER  4 

INFINITE  ARRAYS  OF  MICROSTRIP  DIPOLES 
MlcrosCrip  dipole  arrays  have  been  receiving  increasing  actencion  in 
recent  years.  One  important  advantage  that  dipole  arrays  have  over  patch 
arrays  is  the  small  amount  of  space  on  the  actual  array  plane  consumed  by 
the  antenna  element.  This  conserves  room  which  may  be  needed  for 
associated  circuitry  such  as  matching  networks,  phase  shifters  and  baluns. 
In  addition,  for  the  purposes  of  immediate  concern  here,  dipole  arrays 
provide  a  low-cost  starting  point  for  a  more  general  analysis  of 
microstrip  patch  arrays. 

An  array  of  dipoles  on  a  single-layer  grounded  dielectric  slab  (GDS) 

is  pictured  in  Figure  4.1.  The  dipole  will  always  be  oriented  along  y. 

* 

Because  the  dipoles  are  generally  very  thin  in  wavelengths,  the  x  directed 
current  is  generally  assumed  to  be  zero.  This  is  the  first  of  the 
so-called  thin-wire  approximations  that  will  be  used.  In  addition,  the 

a 

distribution  of  the  current  in  the  transverse  (x)  direction  is  often 
assumed,  and  just  one  basis  function  used  is  in  the  transverse  direction. 
In  this  chapter  the  transverse  distribution  is  chosen  to  satisfy  the  edge 
condition  for  the  current  flowing  parallel  to  the  edge  of  a  perfectly 
conducting  strip  in  free  space.  The  result  of  these  two  assumptions  is 
that  relatively  few  basis  functions  are  required  to  approximate  the 
current  distribution.  In  addition,  the  validity  of  the  assumed  transverse 
current  distribution  is  checked  by  placing  multiple  basis  functions  in  the 
x  direction  and  solving  for  the  transverse  current  distrioution. 


Ground  Plane 


Figure  4.1.  Section  of  an  infinite  array  of  microstrip  dipoles 
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Another  computational  simplification  that  can  be  employed  when 
analyzing  dipole  arrays  is  to  use  the  delta-gap  feed  model  [65].  This 
model  assumes  an  infinitely  thin  feed  gap  and  thus  makes  the  evaluation  of 
the  excitation  matrix  trivial.  While  this  feed  model  is  commonly  used,  it 
is  difficult  to  approximate  in  practice,  particularly  with  a  microstrip 
array,  which  generally  uses  an  unbalanced  feed.  Other  feed  models  are 
being  investigated  for  future  work,  but  the  delta-gap  feed  frees  one  from 
being  concerned  with  the  feed  problem  and  allows  the  properties  of  the 
antenna  array  to  be  studied  without  the  additional  cost  of  evaluating  a 
complex  excitation  matrix. 

The  remainder  of  this  chapter  is  divided  into  two  parts.  Section  4.1 
discusses  the  evaluation  of  the  solution  including  the  choice  of 
suitable  basis  and  testing  functions  and  the  evaluation  of  the  elements 
of  the  impedance  and  excitation  matrices.  Section  4.2  gives  experimental 
and  theoretical  results  for  arrays  of  microstrip  dipoles,  and 
discusses  the  waveguide  simulator  used  to  obtain  the  experimental  results. 

4.1.  Evaluation  of  the  Matrix  Elements 

4.1.1.  Choice  of  basis  and  testing  functions 

A  good  choice  of  basis  and  testing  functions  is  important  in 
achieving  a  solution  which  is  computationally  efficient.  As  discussed  in 
Chapter  2,  a  good  choice  of  these  functions  will  have  a  physical  basis  and 
will  lead  to  efficient  evaluation  of  the  Z  matrix.  A  brief  but  excellent 
discussion  of  basis  functions  for  surface  problems  is  contained  in  the 
reference  by  Glisson  and  Wilton  [54]. 


Much  of  the  previous  work  on  microstrip  dipoles  has  employed 
piecewise  sinusoidal  basis  functions  [ 21, 22 ,37 j.  In  terms  of  the 
unshifted  function  discussed  in  Section  2.4,  this  basis  function  is 


Vx’y) 


sin  (keff(L  -  |y|)) 

K  3ln  (keffV  P(WX;X) 


|y|  <.  Ly 


(4.1-1) 


The  parameter  k^^  is  chosen  by  numerical  experimentation  to  give  rapid 

convergence.  Note  that,  when  referring  to  the  method  of  moments,  rapid 

convergence  implies  that  a  stable  solution  is  achieved  with  a  low  number 

of  basis  functions  compared  to  a  more  slowly  converging  solution.  In  [21, 

22]  and  [37],  the  authors  assume  a  constant  current  distribution  in  the 

transverse  direction  and  use  only  one  basis  function  in  the  x  direction. 

The  same  piecewise  sinusoids  are  also  used  as  testing  functions.  This 

choice  of  basis  and  testing  functions  can  lead  to  rap  i  convergence, 

particularly  for  resonant  dipoles,  where  the  current  distribution  is  very 

nearly  sinusoidal.  However,  this  choice  has  two  drawbacks.  First,  the 

Fourier  transform  of  Equation  (4.1-1)  does  not  have  a  separate  factor  of 
2 

0^  in  the  denominator,  which  prevents  the  simplification  of  the 
convolution  integrals  described  in  Section  3.4.  Second,  the  edge 
condition  for  current  flowing  parallel  to  the  edge  of  a  conducting  strip 
Is  not  included  in  the  basis  functions.  In  this  chapter,  results  are  shown 
which  demonstrate  that  incorporation  of  the  edge  condition  is  desirable 
for  very  thin  dipoles,  but  that  satisfactory  results  can  be  obtained 


without  it. 


Instead  of  piecewise  sinusoids,  two  different  combinations  of  basis 


and  testing  functions  were  used  to  obtain  the  results  in  this  chapter. 
Because  of  the  computational  advantage,  linear  dependence  in  y  was 
used  in  both  cases.  As  discussed  above,  this  leads  to  a  simplification 
of  the  convolution  integrals  required  to  evaluate  the  elements 
of  the  Z  matrix.  The  combination  of  functions  used  to  obtain  most  of 
the  results  in  this  chapter  consisted  of  "edge  mode"  basis  functions 
and  linear  testing  functions, 


Jyq(x,y)  =  q(Ly;y  -  yq)  g(wx;x) 

Tys(x,y)  =  q(Ly;y  "  ys)  6(x) 

An  edge  mode  basis  function,  which  is 

porating  the  edge  condition  for  a 

g(w  ;x),  here  g(w  ;x)  is  defined  as 
x  x 

i  M  1  wx 

g(wx;x)  =  - -  -  - - r  (4.1-3) 

/l  -  (x/w  0  otherwise 

X 

The  transform  of  g(w  ;x)  is 
°  x 

8( wx;x)  =  J0(wx6x)  (4.1-4) 


(4.1-2) 

simply  a  rooftop  function  incor- 
strip  in  free  space,  is  denoted 


where  JQ  is  the  Bessel  function  of  order  zero,  and  the  dependence  of 

g(w  ;x)  on  0  is  understood  in  this  notation. 

°  x  x 

Because  the  dipole  is  on  a  GDS,  and  will  vary  in  width,  the  accuracy 
and  range  of  validity  of  this  current  distribution  are  questionable.  In 
addition,  to  make  the  evaluation  of  the  inner  products  more  efficient, 
another  "thin-wire"  approximation  was  made  when  using  this  method, 
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referred  to  as  method  1.  In  particular,  the  2-D  convolution  integral 
required  to  evaluate  the  spatial  sum  is  approximated  by  a  1-D 
integration.  This  will  be  discussed  further  in  Section  4.1.2. 

In  order  to  check  the  validity  of  the  above  two  approximations,  the 
second  method  used  in  this  chapter  was  a  more  general  technique.  This 
method,  referred  to  as  method  2,  used  the  rooftop  basis  and  linear 
testing  functions  of  Equations  (3.3-16)  and  (3.3-17)  and  allowed  multiple 
basis  functions  in  the  transverse  directions.  In  this  manner,  no 
transverse  current  distribution  was  assumed,  and  the  actual  distribution 
could  be  approximated.  The  layout  of  the  basis  functions  of  this  method 
is  pictured  in  Figure  4.2.  The  width  of  the  dipole  is  exaggerated  for 
clarity.  As  discussed  in  Chapter  2,  all  basis  functions  are  identical, 
differing  only  by  a  linear  translation.  This  restriction  significantly 
decreases  the  cost  of  filling  the  impedance,  or  Z  matrix,  as  will  be 
discussed  in  Section  4.1.3,  but  can  be  easily  removed.  In  addition  to 
allowing  the  determination  of  the  transverse  current  distribution,  the  2-D 
convolution  integrals  were  performed  numerically,  without  the  approxi¬ 
mation  made  with  Che  previous  method,  where  a  1-D  integration  was  used. 
These  two  differences  allow  the  second,  more  general  method  to  be  used  as 
a  check  for  the  accuracy  of  the  solution  using  edge  mode  basis  functions. 
4.1.2.  Evaluation  of  the  impedance  matrix 

The  elements  of  the  Z  matrix  with  method  2,  using  rooftop  basis 
functions  and  Linear  testing  functions,  were  evaluated  in  detail  in 
the  second  example  of  Section  3.3,  and  will  not  be  discussed  here 
Of  course,  only  the  7?^  matrix  needs  to  be  evaluated,  as  the  x  directed 


current  is  assumed  to  be 


ro. 


E 


The  application  of  the  acceleration  technique  to  the  evaluation  of 
the  Z  matrix  when  using  the  second  combination  of  basis  and  testing 
functions  also  follows  the  example  of  Section  3.3,  with  some  differences. 
As  always,  the  evaluation  of  the  spectral  sum  is  straightforward.  One 
substitutes  G  and  G  from  Tables  2.1  and  3.2  and  the  transforms  of  the 

yy  yy 

basis  functions,  obtained  from  Equations  (4.1-3)  and  (3.3-19),  into  the 
first  infinite  sum  in  Equation  (3.2-2).  As  discussed  in  the  last  chapter, 

v  <v  3 

G  and  G^  are  the  yy  components  of  the  periodic  Green's  function  and  its 
asymptotic  form. 

The  evaluation  of  the  spatial  sum,  given  by  Equations  (3.3-21)  and 
(3.3-22),  also  proceeds  as  in  Section  3.3.  As  in  that  example,  the 
evaluation  of  f ^ ( p )  in  Equation  (3.3-22)  results  in  two  convolution 
integrals,  denoted  the  scalar  potential  term,  t^(p),  and  the  vector 

4 

potential  term,  f^(p).  With  the  edge  mode  basis  functions  of  Equation 
(4.1-1),  f  (p)  and  f  ( p)  are  obtained  from  Equations  (3.3-26)  and  (3.3-29) 
by  substituting  g(w^;x)  for  piw^jx).  Recall  that  in  obtaining  Equation 
(3.3-29)  the  y  dependency  of  the  basis  and  testing  functions  was 
approximated  oy  pulses.  As  discussed  earlier,  these  convolution  integrals 
have  the  same  form,  and  can  be  numerically  evaluated  simultaneously.  As 
an  example  of  the  evaluation  of  these  integrals,  consider  the  vector 
potential  term,  f  (  p)  ,  given  by 


fv(p)  =  Cj^g^p)  *  (q(Ly;y)g(wx;x)) 


(4.1-5) 


L  w 

i  f  y  r  * 


■i.  c».«  ■  V  J  “ 


,  >  *■,  ,  dx'dy'  , 

gt(o  -  p )  . . '■■■—! 

/l  -  (w  /x'  )  . 
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where  p  =  x  x  +  y  y.  By  a  change  of  variables,  this  integral  can  be  cast 
into  an  integral  over  the  surface  of  a  cylinder,  excluding  the  end-caps, 
of  the  form  which  arises  when  analyzing  cylindrical  dipoles  [66].  Once  in 
this  form,  any  of  the  many  thin-wire  approximations  can  be  used  to 
evaluate  the  integral. 

To  proceed,  consider  the  evaluation  of  f  ( p)  for  L  =  1, 


w  L  C,  .  L  i 

c  _  x  y  1»1  f  y 

fv(p) - TH -  j  i1 

-L  * 

y  ■ 


dx'dy' 


!y' 


/ 


y  i  -w 


e-u((y-y’)2+x,2)1/2 


,  2  ,2x1/2 

(w  -  x  ) 

X 


(4.1-6) 


recalling  that  g ^  C  p)  =  exp(-up)/2?Tp.  Making  the  change  of  variable 
x1  =  wxsin(a/2),  Equation  (4.1-6)  becomes 


f  (  p) 
v 


w  L  C,  ,  L  j 

=  x  y  1»1  r  y 

2  J  1 

"Ly  1 


l  - 


jiu: 

L 

y  J 


G(y  -  y' ,a)  dy' 


(4.1-7) 


where 


G(y 


•*>  -hi 


n  g-u( ( y-y ' )2+4a2s in2 ( a/2 ) ) ^ ^2 


-it  ((y  -  y1)2  +  4a2  sin2  (a/2)) 
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d  a 


and  a  =  wx/2.  ^v(p)  can  be  obtained  for  arbitrary  L  by  making  the 
substitution  jp-  p'|  =  ( (y-y ' )2  +  4a 2 s in2 ( a/ 2 ) )  ^in  g^( p)  for  l  =  1,3,... 
L,  where  gjj(p)  is  given  in  Equation  (3.3-6). 

G(y-y',a)  is  recognized  to  be  the  "exact"  kernel  for  a  cylinder  of 
current  of  radius  a,  equal  to  one  half  the  strip  width.  This  function  is 
commonly  used  in  cylindrical  dipole  analysis,  and  its  evaluation  is 
discussed  in  detail  by  Poggio  [67],  Keeping  in  mind  that  the  more 


BE 


rigorous  approach  using  rooftop  functions  is  available  as  a  check,  the 
approximation  used  here  to  evaluate  G(y-y',a)  is 


G(y 


y\a> 


e-u((y-y'  ) 

( (y  -  y')2 


2.a2>1/2 


2.1/2 

+  a  ) 


(4.1-8) 


This  is  the  simplest  reasonable  approximation,  and  is  often  referred 
to  as  the  "thin-wire  approximation."  However,  this  is  only  one 
of  several  approximations  which  are  valid  only  for  thin  wires,  and  as  such 
is  one  of  many  thin-wire  techniques.  This  approximation  was  chosen  in  an 
attempt  to  obtain  reasonably  accurate  solutions  with  high  efficiency. 
Poggio  discusses  the  range  of  the  validity  of  the  approximat ion  in 
Equation  (4.1-8).  Rather  than  try  to  predict  the  effect  of  an  error  in 
only  one  of  several  approximations  on  the  final  solution  for  the  current 
distribution,  the  accuracy  of  this  approximation  will  be  established  by 
comparison  to  the  results  for  the  more  general  method  employing  rooftop 
basis  functions. 

Combining  Equations  (4.1-7)  and  (4.1-8)  and  extending  to  arbitrary 

L,  f  (p)  becomes 
v 


*  L 

f  (  p)  =  TTW  L  } 

V  x  y  JJ=1 
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Jill, 

L 

y  ; 


g^ty  -  y'  )2  +  4a2)1/2  dy\ 

J 

(4.1-9) 


The  evaluation  of  fg(p),  the  scalar  potential  term,  is  similar.  For  each 
_  >  >  -► 

Lnner  product,  f^(p),  consisting  of  fg(p)  and  f^( p) ,  must  be  evaluated  for 
increasing  m  and  n  in  Equation  (3.3-21).  As  discussed  in  Section  3.3, 
each  evaluation  corresponds  to  testing  the  "asymptotic  field"  of  a  basis 
function  in  the  m,n  unit  cell  with  a  testing  function  in  the  0,0  unit 


cell. 


Asymptotic  field  is  the  term  used  to  describe  the  convolution  of 


the  asymptotic  Green's  function  with  a  basis  function.  This  concept  was 

illustrated  in  Figure  3.10.  For  each  inner  product,  the  m=n=0  evaluation 

of  fj(p)  was  performed  by  subtracting  out  the  singularity,  which  can  be 

integrated  analytically,  and  evaluating  the  remaining  integration  using  an 

adaptive  quadrature,  as  discussed  in  Chapter  3.  For  the  contribution  from 

unit  cells  with  m  and  n  less  than  some  integer  I  ,  but  not  both  zero, 

the  integration  was  again  performed  with  the  adaptive  quadrature  routine, 

but  the  singularity  was  not  subtracted  out.  Finally,  for  the  remaining 

terms  with  either  m  or  n  greater  than  I  ,  the  integrations  were 

evaluated  using  a  single-point  approximation.  Because  of  the  rapid  decay 

of  the  asymptotic  field,  I  was  typically  chosen  to  be  0  or  1.  As 
r  max  1 

discussed  in  Chapter  3,  less  expensive  Gaussian  quadratures  could  have 
been  used  to  evaluate  the  2-D  integrals,  but  as  this  technique  was  meant 
primarily  to  provide  a  check  on  the  more  efficient  method  using  edge  mode 
basis  functions,  these  approximations  were  not  used. 

4.1.3.  Use  of  symmetry 

If  all  of  the  basis  functions  have  the  same  length  and  width,  as  in 
all  of  the  examples  in  this  report,  a  great  deal  of  symmetry  exists  in  the 
Z  matrix.  Recall  the  unaccelerated  form  of  an  element  in  the  Z ^  matrix: 


Zyy  =  7  H  G  JT  e  (  p  -  p  ) 
sq  A  u  u  yy  y  y  mn  s  q 


(4.1-10) 


where  and  are  the  transforms  of  the  unshifted  basis  and  testing 

functions,  and  e  ( p  —  p  )  is  defined  bv  Equation  (2.2-11).  Now  consider 
mn  s  q  ■ 

V  V  V  V 

two  elements  Z<  .  and  Zj^,  where  i,  j,  k  and  £  are  integers.  As  can  be 
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seen  from  Equation  (4.1-10),  all  elements  of  the  Z^  matrix  are  identical 


except  for  the  factor  e  (p  -  p  ).  For  the  two  general  elements  Zj",  and 

mn  s  q  ij 

yy  >  ■> 

xi’  tlie  vector  ( Ps  ~  Pq)  becomes 


“i  ‘  h  *  xu  * +  yij  i  -  (*i  -  V  * +  <?!  -  V  i 

Sk  -  x  +  ykt  y  -  (xk  -  Xt)  x  +  (yk  -  yt)  y 


(4.1-11) 


Now,  with  a  general  phase  shift,  or  beam  steering,  it  is  apparent  that  if 

yy  yy 

x^  -  xk£  and  **  yk^,  then  Z ^  -  Z^.  Furthermore,  considering  a 

rectangular  lattice  with  beam  steering  only  in  the  y  direction  (E-plane), 

l 

Likewise,  if  the  beam  is  steered  only  in  the  x  direction  (H-plane),  then 
whenever  |y  |  -  |ykjJ  and  xjj  3  the  two  elements  Z^j  and  Z^  are 

equal.  Finally,  for  the  special  case  of  no  phase  shift,  corresponding  to 
no  beam  steering  or  a  normally  incident  plane  wave  in  the  scattering 
problem,  the  requirements  for  equality  of  the  two  elements  are 
|x  |  =■  |xu!  and  j y ^ ^  j  *  ly^uJ*  These  conditions  can  result  in  substan¬ 
tial  savings  in  filling  the  matrix,  particularly  if  the  beam  is  scanned 
only  in  the  principal  planes  (E  and  H) ,  or  for  no  beam  steering. 

For  example,  consider  a  dipole  with  N  basis  functions  in  the  y 
direction  and  M  basis  functions  in  the  x  direction  (all  y  oriented),  for  a 
total  of  N*M  unknowns.  If  there  is  no  beam  steering,  only  N *M  elements  of 
the  Z  matrix  are  distinct.  For  H  plane  scanning,  only  (2M~1)N  elements 
are  distinct,  and  similarly  for  E  plane  scanning,  only  (2N-1)M  elements 


and  y^  =*  y^,  the  two  are  again  equal. 


if  Kji’K 


are  unique. 


Finally,  matrix  reduction  techniques  [65]  have  been  used  whenever 
symmetries  exist  in  the  current.  In  addition,  one  can  take  advantage  of 
the  Toeplitz  or  block  Toeplitz  form  of  the  Z  matrix  to  reduce  the  storage 
requirements.  If  one  of  these  techniques  is  not  used,  the  number  of  basis 
functions  that  can  be  used  is  limited  by  the  time  and  cost  of  solving  the 
system  of  equations,  and  perhaps  by  computer  storage  capacity.  While  some 
computer  systems  overcome  the  storage  capacity  problem  by  using  virtual 
memory  or  off-core  matrix  inversion  routines,  these  techniques  can  be 
exceedingly  slow. 

4.1.4.  Evaluation  of  the  excitation  matrix 

The  Incident  field  matrix,  or  V  matrix  in  the  system  Zx  »  V,  is  given 
by  [V  ]  in  Equation  (2.3-12).  When  using  the  delta-feed  [65],  this  matrix 
is  trivial  to  evaluate.  Assuming  an  odd  number  of  basis  functions  in  the 
y  direction  and  an  antenna  fed  in  the  center  with  a  one-volt  source,  all 
elements  of  IV^j  are  zero  except  those  for  which  the  testing  function  is 
non-zero  over  the  gap.  With  the  normalization  chosen  for  the  testing 
functions,  each  non-zero  element  becomes  -1,  for  a  one-volt  source. 

After  filling  the  V  and  Z  matrices,  the  unknown  current  coefficients 
are  determined  by  solving  the  system  of  equations.  Each  current 
coefficient  is  the  current  density  at  the  peak  of  the  qth  basis 
function.  The  actual  current  flowing  at  the  peak  of  the  basis  function  is 
then  the  width  of  that  function  multiplied  by  its  coefficient,  b  .  The 

q 

normalization  of  the  testing  functions  could  have  been  chosen  so  as  to 
yield  the  current  directly.  However,  when  testing  for  convergence  with 
multiple  basis  functions  in  the  x  direction,  the  current  density  at  a 
given  point  will  remain  constant  when  the  solution  has  converged,  and  can 


be  interpreted  more  easily  than  the  current,  which  decreases  as  the  number 
of  unknowns  in  the  x  direction  increases.  This  is  particularly  important 
in  the  next  chapter. 


Now,  as  all  of  the  elements  of  the  matrix  [V  ]  are  zero  except  those 
corresponding  to  an  element  over  the  feed  gap  and  all  basis  functions 
have  the  width  2w^,  the  impedance  is  the  excitation  voltage  divided  by  the 
total  current  flowing  across  the  gap,  and  can  be  written  as 


Z. 

in 


_ 1 _ 

iivsiiT  iy  z»x 


(4.1-12) 


where  S,  the  number  of  basis  functions,  is  chosen  equal  to  Q,  the  number 
of  testing  functions.  The  absolute  value  signs  indicate  that  the 
absolute  value  of  the  elements  of  L Vg ]  be  taken. 

Finally,  the  solution  to  the  scattering  problem  is  obtained  by 
evaluating  [V,,]  according  to  Equation  (2.3-12).  An  example  of  interest 
here  is  scattering  due  to  a  normally  incident  plane  wave.  If  the  value  of 
the  y  oriented  electric  field  at  the  array  plane  is  1  volt  per  wavelength, 
the  qth  element  of  [V  '  becomes  L  ,  where  2L  is  the  length  of  the  qth 
testing  function.  In  all  examples  considered  here,  all  testing  functions 
have  the  same  width,  and  hence  all  elements  of  [V  J  become  L  .  Solution 

•*  y 

of  the  matrix  equation  for  the  current  coefficients  again  gives  the  value 
of  the  current  density  at  the  peak  of  each  basis  function. 

4.2.  Numerical  Results 

Computed  results  were  initially  checked  by  setting  of  the 

substrate  equal  to  one  and  computing  results  which  could  be  compared  to 


known  free-space  cases.  Stark  has  computed  the  impedance  of  infinite 
dipole  arrays  over  a  ground  plane  [68j,  and  results  using  this  method 
agree  very  well  with  his  results.  In  addition,  by  letting  the  lattice 


spacings  Sj  and  S2  increase  to  several  wavelengths,  the  well-known 

impedance  of  a  half-wave  dipole  over  a  ground  plane  can  be  approximated, 

with  good  agreement.  This  technique  will  be  discussed  further  in  Section 

4.2.3.  More  recently,  independent  results  for  the  impedance  of  a 

microstrip  dipole  in  an  infinite  array  have  been  reported  [36,37]  and  the 

results  are  in  good  agreement  with  results  calculated  here. 

In  addition  to  comparisons  to  other  computed  results,  several  array 

configurations  were  tested  in  a  waveguide  simulator.  These  experimental 

results  are  the  subject  of  Section  4.2.2.  First,  the  effects  of  the 

various  parameters  that  must  be  chosen  are  discussed  in  the  next  section. 

4.2.1  Convergence  and  the  effect  of  various  parameters 

All  of  the  results  in  this  section  are  for  an  array  on  a  square 

lattice,  with  S.  ■  S-  *  0.6X  ,  t  *  0.15X  ,  e  *  2.55,  and  b  »  0.35X  .  The 

1  2  o’  or’  o 

dipole  width  varied  throughout.  In  addition,  in  all  of  the  cases  in  this 
section  no  beam  steering  was  used  (mQ  -  nQ  »  0.0).  The  other  parameters 
that  must  be  chosen  were  discussed  in  Chapter  4,  and  are 

(1)  n  ■  number  of  basis  function 

(2)  L  “  level  of  acceleration  (0,1,3  or  5) 

(3)  u  =  constant  used  in  asymptotic  expansion 

(4)  I  *  upper  limit  on  partial  sums  which  used  adaptive  numerical 

quadratures  to  evaluate  integrals  in  spatial  sum 

(5)  relerr  »  relative  error  for  adaptive  numerical  quadratures 

(6)  tol  =*  tolerance  on  spectral  and  spatial  sums 


■v  -v  -.  "  —  “  '  ^  » 
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The  convergence  of  the  impedance  of  an  element  in  this  array  as  a 

function  of  the  number  of  basis  functions  is  shown  in  Figures  4.3a  and 

4.3b.  Three  different  dipoles  were  considered,  with  widths  a  3  0.002 Aq, 

0.02  A  and  0.05  A  .  The  other  parameters  were  L  3  5,  u  3  0.75  &  , 

Imax  *  1,  relerr  3  0.1%  and  tol  *  0.1%.  Results  for  all  three  cases  were 

computed  using  method  1,  which  employs  edge  modes.  The  results  for  the 

case  of  a  3  0.002  Aq  are  very  good  using  this  method,  but  as  the  width 

increases  the  convergence  becomes  worse,  and  for  a  3  0.05  Aq  the  answer 

does  not  converge  at  all.  This  is  due  to  the  breakdown  of  the  thin-wire 

approximations,  and  will  be  further  demonstrated  later.  The  case  of 

a  3  0.05  Aq  was  also  computed  using  method  2,  which  used  rooftop  basis 

functions  and  "exactly"  computes  the  two-dimensional  convolution  integrals 

using  adaptive  numerical  quadratures.  These  results  are  also  included  in 

Figures  4.3a  and  4.3b,  and  show  reasonable  convergence.  Figures  4.3a  and 

4.3b  indicate  that  method  l  should  not  be  used  at  all  for  thicknesses 

greater  than  approximately  0.02  A^.  All  of  the  cases  computed  in  Sections 

4.2.2  and  4.2.3,  however,  have  a  thickness  less  than  0.02  A  . 

o 

Numerical  examples  for  the  effect  of  n,  L,  u,  I  ,  relerr  and  tol 

max  ’ 

are  given  in  Tables  4.1  and  4.2.  The  results  in  Table  4.1  were  all 
computed  using  method  1,  and  the  results  in  Table  4.2  were  obtained  using 
method  2.  Table  4.1  is  broken  into  seven  groups,  with  one  parameter  being 
varied  in  each  of  the  first  six  groups,  and  various  combinations  of  the 
parameters  comprising  the  seventh  group.  The  large  number  of  digits  shown 
in  these  tables  is  included  only  for  purposes  of  comparison,  and  do  not 
imply  that  the  answers  are  accurate  to  that  many  significant  digits.  The 


inclusion  of  this  table  serves  two  purposes.  First,  it  should  serve  as  a 


NO.  OF  BASIS  FUNCTIONS 


a  “  0 . 002  Aq 
a  ~  0.05  *  p 

(Method  2  ) 


0.02\o 

0.05AO 


Figure  4.3a.  Convergence  of  the  input  resistance  of  a  microstrip  dipol 
in  an  infinite  array.  Square  lattice,  Sj  =  S2  =  0.6  \q , 
t  =  0.15,  A0,  er  =  2.55,  b  =  0.35  \0. 


NO.  OF  BAS  I S  FUNCTIONS 


a  “  0 . 002  X q 
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Figure  4.3b.  Convergence  of  Che  input  reactance  of  a  microstrip  dipole  in  an 
infinite  array.  Square  lattice,  *  S£  *  0.6  Xq,  t  -  0.15  Xq, 
er  “  2.55,  b  m  0.35  Xq. 
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ABLE  4.1 

ERS  ON  THE 
(METHOD 


LENGTH  »  0.35  X  ,  WIDTH  -  0.002  X  ,  SQUARE  LATTICE, 
Sx  »  S2  -  0.6  XQ,  t  -  0.15  Xo?  er  =«  2.55 


RELERR 

TOL 

0.001 

0.00001 

0.001 

0.00001 

0.001 

0.00001 

0.001 

0.00001 

0.001 

0.00001 

0.001 

0.00001 

0.001 

0.00001 

0.001 

0.00001 

0.001 

0.00001 

0.001 

0.00001 

0.001 

0.00001 

0.0001 

0.00001 

0.001 

0.00001 

0.01 

0.00001 

0.1 

0.00001 

0.001 

0.000001 

0.001 

0.00001 

0.001 

0.0001 

0.001 

0.001 

0.001 

0.01 

0.001 

0.0001 

0.001 

0.0001 

0.001 

0.0001 

0.001 

0.0001 

0.001 

0.0001 

0.001 

0.0001 

0.001 

0.0001 

0.01 

0.001 

0.01 

0.001 

0.01 

0.01 

0.01 

0.01 

0.01 

0.01 

0.01 

0.01 

0.01 

0.01 

0.01 

0.01 

0.01 

0.01 

R 

( ohms ) 

jx 

(ohms) 

TIME 
(sec. ) 

53.709 

-4.294 

0.62 

53.703 

-4.358 

1.03 

53.708 

-4.306 

1.65 

53.709 

-4.300 

0.69 

53.709 

-4.297 

0.63 

53.709 

-4.294 

0.62 

53.706 

-4.323 

0.77 

53.686 

-4.489 

1.45 

53.709 

-4.294 

0.82 

53.709 

-4.294 

0.62 

53.705 

-4.322 

0.47 

53.709 

-4.295 

0.64 

53.709 

-4.294 

0.62 

53.709 

-4.293 

0.59 

53.711 

-4.278 

0.56 

53.707 

-4.309 

0.84 

53.709 

-4.294 

0.62 

53.708 

-4.308 

0.46 

53.692 

-4.461 

0.38 

53.680 

-4.568 

0.32 

54.158 

-4.859 

0.71 

54.056 

-4.746 

0.63 

53.912 

-4.59? 

0.56 

53.708 

-4.308 

0.46 

53.394 

-3.750 

0.38 

52.861 

-2.573 

0.30 

51.784 

-0.177 

0.21 

53.692 

-4.459 

0.35 

53.686 

-4.503 

0.26 

53.680 

-4.566 

0.30 

53.6/4 

-4.610 

0.19 

53.362 

-4.054 

0.26 

53.354 

-4.116 

0.16 

53.674 

-4.610 

0.19 

52.820 

-2.946 

0.13 

51.737 

-0.270 

0.09 

TABLE  4.2 

THE  EFFECT  OF  VARIOUS  PARAMETERS  ON  THE  INPUT  IMPEDANCE  OF  A  DIPOLE 
IN  AN  INFINITE  ARRAY.  (METHOD  2:  ROOFTOP  FUNCTIONS) 


LENGTH  **  0.35  X  WIDTH  *>  0.002  X  ,  SQUARE  LATTICE, 
S1  -  S2  -  076  \Q,  t  -  0.15  X0,  er  -  2.55 


u(0  )  I 

av  max 


RELERR 


TOL 

R 

(ohms) 

JX 

( ohms ) 

TIME 
(sec. ) 

53.189 

-7.372 

3.25 

53.184 

-7.415 

2.67 

■SwIilH 

53.173 

-7.521 

2.61 

0.01 

53.173 

-7.503 

1.51 

0.01 

53.173 

-7.526 

0.62 

general  guide  to  the  proper  choice  of  the  various  parameters  and  indicate 
that  the  choice  of  any  of  the  parameters  is  not  critical.  Second,  it 
points  out  that,  while  the  choice  of  the  parameters  is  not  critical, 
proper  selection  can  significantly  increase  execution  times  without  sacri¬ 
ficing  significant  accuracy.  For  example,  case  three  in  group  one  used 
parameters  conservatively  chosen  in  order  to  give  high  accuracy.  For  the 
same  array  used  above,  this  choice  of  the  parameters  gave  a  result  of  Z  * 
53.708  -  J4.306  ohms,  and  required  1.65  seconds  of  execution  time  using  11 
basis  functions.  (All  execution  times  are  for  a  C DC  6600,  approximately 
10  times  faster  than  a  Vax  11-780.)  Conversely,  case  four  in  group  seven 
used  parameters  chosen  to  given  rapid  execution  time,  and  gave  the  result 
Z  -  53.674  -  j  4.61  ohms  in  only  0.19  second.  This  is  a  significant 
Improvement  in  execution  time,  and  yet  the  error  in  magnitude  is  only 
0.016  percent.  For  a  typical  array,  the  data  in  Table  4.1  indicate  that 
reasonable  choices  of  the  parameters  would  be  L*5,  u*0.75  8av, 
Imax  *  0»  relerr  *  1%  and  tol  *  1%.  In  general,  more  conservative  choices 
were  made  for  the  results  in  this  chapter,  but  for  most  applications  these 
choices  would  give  a  good  combination  of  accuracy  and  efficiency. 

Similar  results  using  method  2  are  given  in  Table  4.2.  Because  of 
the  similarity  of  the  results,  only  a  few  examples  are  given.  Of 
particular  interest  are  the  execution  times.  Even  the  fastest  case  in 
Table  4.2  required  0.62  second,  as  compared  to  0.19  second  for  a 
reasonable  choice  of  the  parameters  using  method  1.  While  this  is 
approximately  a  factor  of  three  savings  due  to  the  use  of  the  thin-wire 
approximations,  the  improvement  is  not  as  great  as  would  have  been 


obtained  by  the  same  approximations  using  a  spatial  domain 
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element-by-element  approach.  This  is  due  to  the  fact  that  with  the 
approach  used  here  approximately  half  of  the  execution  time  is  required  to 
compute  the  less  rapidly  convergent  spectral  sum,  which  is  unaffected  by 
the  thin-wire  approximations. 

It  is  also  interesting  to  examine  the  results  for  the  same  array  as 
computed  without  using  any  acceleration  to  compute  the  inner  products  (L  ■ 
0).  This  allows  a  direct  comparison  between  the  method  used  here  and  the 
more  standard  approach.  As  discussed  in  Chapters  3  and  4,  when  computing 
the  elements  of  the  Z  matrix,  the  upper  limit  on  the  infinite  sums  must  be 
chosen  appropriately.  Due  to  the  rapid  convergence  obtained  by  using  the 
acceleration  technique,  an  adaptive  routine  discussed  in  Chapter  4  can  be 
used.  However,  without  any  acceleration,  most  authors  simply  choose  a 
suitable  upper  limit  which  gives  satisfactory  convergence.  For  dipole 
arrays  with  approximately  half-wave  spacing,  an  upper  limit  of  m  -  n  =  60 
has  been  used  by  Pozar  and  Schaubert  I36j  with  sinusoidal  basis  functions, 
which  have  approximately  the  same  convergence  properties  as  a  function  of 
m  and  n  as  the  rooftop  functions  of  method  2. 

Results  for  the  impedance  of  an  element  in  the  array  using  method  1 
with  no  acceleration  are  shown  in  Table  4.3.  The  accelerated  result  was 
obtained  with  L  *  5,  and  is  taken  from  Table  4.1.  It  is  seen  that  as  the 
upper  limits  on  m  and  n,  denoted  M  and  N,  are  increased  the  results 
approach  the  accelerated  result.  Because  the  unaccelerated  results  are 
computed  entirely  in  the  spectral  domain,  this  agreement  tends  to  verify 
the  validity  of  the  approximation  made  in  Chapter  3  to  improve  the  effi¬ 
ciency  of  Che  evalulation  of  the  vector  potential  term  in  the  spatial  sum. 


However,  even  at  M  *  N  *  90  the  unaccelerated  result  is  still  changing. 


s  l*  *» 


TABLE  4.3 


If  one  uses  M  =  N  •  60,  the  unaccelerated  result  requires  appoximately  11 
seconds,  or  approximately  1  second  per  basis  function,  as  compared  to  0.19 
second  or  0.016  second  per  basis  function  for  the  accelerated  method, 
using  parameters  chosen  for  rapid  convergence.  While  the  accuracy 
obtained  using  M  =  N  =  60  for  the  unaccelerated  technique  is  perhaps  not 
as  good  as  obtained  with  the  accelerated  result,  it  should  be  pointed  out 
that,  because  of  limitations  in  the  model  and  the  effect  of  changing  the 
number  of  basis  functions,  the  accuracy  is  probably  satisfactory. 
However,  the  savings  in  computer  time  obtained  with  the  acceleration 
method  can  become  very  significant  if  either  large  amounts  of  data  are 
needed,  or  complex  structures  are  to  be  analyzed. 

Similar  results  are  shown  in  Table  4.4  for  the  same  array  using 
rooftop  basis  functions.  Again,  as  M  and  N  are  increased,  the  results 
approach  the  accelerated  result,  taken  from  Table  4.2.  For  this  case,  if 
M  =  N  »  60  is  chosen  as  the  upper  limit  on  the  summations,  the  savings  in 
computer  time  is  roughly  a  factor  of  20  by  using  the  acceleration 
technique.  This  savings  can  become  very  important  when  analyzing  arrays 
of  patches  considered  in  Chapter  5,  where  hundreds  of  elements  of  the  Z 
matrix  must  be  computed. 

The  final  set  of  results  in  this  section  further  demonstrates  the 

range  of  validity  of  the  thin-wire  approximation.  The  same  array 

configuration  used  in  the  previous  examples  was  used,  with  the  other 

parameters  chosen  as  n  »  9,  L  •  5,  u  =  0.75  S  ,  I  =1,  relerr  =  0.1% 
r  av’  max  ’ 

and  tol  *  0.1%.  First,  Figures  4. 4-4. 7  show  the  calculated  transverse 
current  distribution  across  the  center  of  the  dipole,  treating  the  dipoles 
as  scatterers  rather  than  as  an  antenna.  In  this  case,  the  dipole  had  no 
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Figure  4.5 


Transverse  current  distribution  on  a  0.35  Xq  dipole  with  a 

0.002  L.. 


center  gap,  and  the  excitation  was  a  normally  Incident  plane  wave,  y 
polarized  and  normalized  to  give  a  magnitude  of  n  volts/ Xq  at  the  array 
plane,  where  n  is  the  intrinsic  impedance  of  free  space.  Using  method  2, 
the  current  was  computed  using  15  basis  functions  in  the  transverse  direc- 

A 

tion,  for  a  total  of  135  y  oriented  basis  functions.  As  in  all  cases  in 

A 

this  chapter,  no  x  oriented  basis  functions  were  used.  The  results  are 
compared  to  the  assumed  current  distributions  for  the  edge  modes,  given  by 
Equation  (4.1-3).  For  ease  of  comparison  the  assumed  value  has  been  nor¬ 
malized  to  be  equal  to  the  computed  value  in  the  center  of  the  strip.  For 
a  -  0.0002  \q  and  0.002  XQ,  the  agreement  between  the  assumed  and  computed 
current  distributions  is  very  good.  For  a  ■■  0.02  Xq  the  agreement 
worsens,  and  when  a  •  0.05  X^,  there  is  a  large  discrepancy.  Of 
course,  this  disagreement  indicates  that  the  assumed  current  distribution 
necessary  to  use  the  thin-wire  approximations  is  not  valid,  and  will  not 
lead  to  correct  results,  which  is  consistent  with  the  data  in  Figures  4.3a 
and  4.3b. 


Finally,  methods  1 

and 

2  are  compared 

in  Table  4.5.  In 

this 

the  impedance  of 

the 

same  array  is 

computed  by  method 

2  for 

different  values  of  width  and  for  increasing  numbers  of  rooftop  functions 
in  the  x  direction.  The  answers  are  compared  to  the  results  using  method 
1,  with  a  single  edge  mode  in  the  x  direction.  As  would  be  expected  from 
the  above  discussion,  as  the  number  of  transverse  basis  functions  is 
increased  the  results  from  method  1  approach  the  result  using  the  edge 
mode  for  a  ■  0.0002  Xq  and  a  »  0.002  XQ.  However,  for  the  wider  strips, 
where  the  correct  current  distribution  departs  from  the  assumed  edge  mode, 
the  agreement  is  poorer.  In  addition,  it  is  also  evident  from  these 


results  that  unless  high  accuracy  is  needed  for  wide  strips,  there  is  no 


fO  lA  N  O' 


(N  -  9,  L  -  5,  u  -  0.75  1^ 


1,  RELERR  -  0.001,  TOLERR  -  0.001) 


■ 

0002  X 
o 

CM 

o 

o 

02  X 

0 

a  ■  0. 

05  X„ 

0 

1 

50.826 

— j  27 .617 

52.891 

-j6.768 

59.462 

j 11 .653 

66.247 

J12.325 

3 

50.937 

-j25.899 

52.164 

-J5.055 

60.234 

j  12.057 

66.773 

J10.466 

5 

50.966 

-J25.474 

53.233 

-34. 661 

60.450 

j 12. 150 

67.035 

j 10.067 

7 

50.978 

— j  25.291 

53.264 

-J4.476 

60.544 

j 12. 172 

67.157 

J9.877 

9 

50.985 

-J25.190 

53.281 

-J4.385 

60.604 

J12.205 

67.228 

J9.766 

11 

50.990 

-J25.125 

53.293 

~ J  4.315 

60.643 

j 12.226 

67.274 

j9.693 

13 

- 

- 

53.300 

-J4.276 

point  in  using  more  than  one  basis  function  in  the  transverse  direction. 
Even  in  that  case,  the  limitations  of  the  model  make  Che  improved  accuracy 
questionable  for  such  a  wide  strip.  In  addition  these  results  point  out 
that,  aside  from  slightly  better  accuracy  for  very  narrow  strips,  the 
advantage  of  using  the  edge  mode  is  in  the  improved  efficiency. 

4.2.2  Experimental  verification 

In  order  to  further  confirm  the  results  of  the  moment  method 
solution,  several  array  configurations  were  tested  in  a  waveguide 
simulator.  The  theory  of  the  waveguide  simulator  has  been  described  by 
Hannan  [69],  and  will  not  be  discussed  in  detail  here.  Briefly,  the 
waveguide  simulator  concept  takes  advantage  of  the  null  planes  that 
exist  in  the  electric  field  of  an  infinite  array  under  certain  excitation 
conditions  to  allow  a  section  of  the  array  to  be  enclosed  within  an 
infinite  waveguide  without  disturbing  the  operation  of  the  array.  The 
operation  of  the  simulator  is  easily  understood  by  considering  the 
superposition  of  the  fields  and  excitation  of  the  infinite  array  for  two 
scan  angles,  (0,i$).  By  superposition,  each  element  is  fed  in  phase, 
as  are  the  elements  in  the  waveguide  simulator.  Two  beams  are  radiated  by 
the  array,  at  (9 ,£<p),  simulated  by  the  propagating  mode  in  the  waveguide. 
In  these  experiments  the  frequency  of  operation  was  chosen  such  that  only 
the  lowest-order  TE  mode  propagated.  The  scan  angle  is  determined  by  the 
effective  angle  of  propagation  of  this  mode  in  the  waveguide. 

The  basic  experimental  set-up  is  shown  in  Figure  4.8,  and  a  more 
detailed  view  of  the  array  fixture  is  shown  in  Figure  4.9.  The  array  was 
scanned  in  the  H-plane  by  varying  the  frequency,  with  the  scan  angle  9 


given  by 


TOP  VIEW 


Figure  4.9. 


Waveguide  simulator  array  fixture. 


(4.2-1) 


0  -  sin  L  ( XQ/2a) 

where  a  is  the  width  of  the  waveguide  in  the  H-plane,  165  millimeters.  In 
terms  of  the  frequency  f,  the  scan  angle  is  given  by 

9  -  sin-1  (3.0/3.3f)  (4.2-2) 

with  f  in  GHz.  The  frequency  was  varied  from  0.92  GHz,  just  above  the 
cutoff  frequency,  to  1.7  GHz,  somewhat  below  the  onset  of  the  next 
propagating  mode.  The  scan  angle  ranged  from  81.2°  at  f  «  0.92  GHz  to 
32.3°  at  f  *  1.7  GHz.  Two  microstrip  monopoles  were  fed  through  the 

waveguide  wall  using  SMA  connectors.  From  image  theory,  the  impedance  of 
each  monopole  is  one  half  the  impedance  of  the  corresponding  dipole.  The 
elements  were  fed  in  phase  and  with  equal  amplitude  by  using  a  simple  T 
connector.  The  balance  of  the  T  was  tested  and  was  found  to  be  good.  In 
order  to  simplify  the  construction  of  the  array  section  and  the  array 
fixture,  a  very  large  cross-section  waveguide  was  used.  Unfortunately,  a 
matched  termination  was  not  available,  so  a  tapered  resistive  load  was 
used  as  a  termination.  The  load  was  placed  in  the  waveguide  and  adjusted 
for  the  best  match.  However,  the  remaining  mismatch  caused  fluctuations 
in  the  measured  data,  and  was  one  source  of  error.  Other  sources  of 
error  included  the  fitness  of  the  dielectric  substrate,  losses  in 
the  waveguide  walls  and  substrate,  and  the  inability  to  calibrate  the 
network  analyzer  over  such  a  wide  frequency  range.  The  reflection 
coefficient  measurement  was  referenced  to  the  single  end  of  the  T 
connector,  and  the  data  were  later  referenced  back  to  the  feed  point. 
To  compare  to  the  measured  data,  the  impedance  of  the  corresponding  dipole 
was  calculated  and  divided  by  two  to  calculate  the  reflection  coefficient 
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of  the  monopole  into  a  50  ohm  system.  Although  an  error  estimate  based  on 


the  above  factors  was  not  computed,  the  presence  of  blind  angles  gives 
one  indication  of  the  error  due  to  these  factors.  At  blind  angles  the 
theory  predicts  jrj  ■  1,  as  will  be  discussed  in  the  next  section. 
However,  due  to  the  various  factors,  primarily  losses,  the  measured 
result  does  not  reach  1.  Based  on  the  measured  results  at  these 
points,  the  error  is  indicated  to  be  less  than  ±20%.  Because  losses 
are  not  as  significant  away  from  the  blind  angles,  this  is  believed  to 
be  an  upper  bound  on  the  error  due  to  the  above  factors. 

Five  array  configurations  were  tested,  with  the  results  shown  in 
Figures  4.10  -  4.14.  The  first  case,  shown  in  Figures  4.10a  and  4.10b, 
compares  the  measured  and  computed  results  for  an  array  on  a  substrate  of 
styrofoam,  with  a  nominal  dielectric  constant  of  1.03  [70],  The  agreement 
is  good  both  for  the  magnitude  and  phase  of  the  reflection  coefficient, 
but  one  set  of  results  appears  to  be  shifted  in  frequency  somewhat.  This 
could  be  due  to  the  size  of  the  feed  region;  in  particular,  the  hole  in 
the  waveguide  that  was  used  to  feed  the  antenna  could  have  given  the  mono- 
pole  a  longer  effective  length.  This  source  of  error  does  not  affect  T  at 
a  blind  angle  and,  therefore,  is  not  included  in  the  above  error  estimate. 

Figures  4.11a  and  4.11b  give  results  for  an  array  on  1  inch  of 
rexolite,  »  2.53.  The  effect  of  the  load  mismatch  is  clearly  seen  in 
the  magnitude  plot,  but  again  agreement  between  measured  and  calculated 
results  is  good.  Results  for  an  array  on  a  high  dielectric  constant 
substrate,  »  6.0,  are  shown  In  Figures  4.12a  and  4.12b.  The  substrate 
was  HI-K  Styrene,  with  a  nominal  of  6.0.  Again,  the  general 
agreement  is  good,  and  in  particular,  the  predicted  blind  angle  is  seen  in 
the  experimental  results,  with  a  reduced  f. as  discussed  above. 


FREQUENCY  GHZ. 


CALCULATED  +  +  ♦  MEASURED 


Figure  4.10b.  Waveguide  simulator  results  for  a  dipole  array  on 
layer  substrate  a  ■  1mm,  b  -  95mm,  t  ■  25.4mm, 
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Figure  4.11b.  Waveguide  simulator  results  for  a  dipole  array  on 
layer  substrate  a  »  1mm,  b  ■  84mm,  t  *  25.4mm, 
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Figure  4.12b.  Waveguide  simulator  results  for  a  dipole  array  on  a  single 
layer  substrate  a  ■  1mm,  b  -  54mm,  t  -  19.1mm,  Cj.  -  6.0. 


Finally,  Figures  4.13a  through  4.14b  present  results  for  two 
different  array  configurations  -  each  including  a  radome.  The  ability  to 
include  a  radome  is  important,  not  only  because  of  its  use  in  protecting 
the  antenna,  but  also  because  it  gives  the  antenna  designer  an  additional 
degree  of  freedom  in  the  design  of  the  array.  The  array  considered  in 
Figures  4.13a  and  4.13b  was  built  on  a  3/4  inch  thick  substrate  with  a 
dielectric  constant  of  6.0,  with  a  1  inch  thick  rexolite  radome. 
Agreement  is  good,  with  the  predicted  blind  angle  again  being  seen  in  the 
measured  data.  Again  the  measured  reflection  coefficient  does  not  reach  1 
at  the  blind  angle.  Because  the  theory  predicts  a  reflection  coefficient 
of  one  at  this  point,  this  is  the  basis  of  the  ±20%  error  estimate  made 
earlier.  The  agreement  in  the  final  case  in  Figures  4.14a  and  4.14b  is 
also  good. 

Overall,  the  agreement  between  experimental  and  theoretical  results 
is  quite  good,  considering  the  simple  construction  of  the  waveguide 
simulator.  These  results,  along  with  the  agreement  with  other  computed 
results,  indicate  that  the  solution  is  working  as  intended,  and  effi¬ 
ciently  predicts  the  impedance  of  infinite  arrays  of  microstrip  dipoles. 
4.2.3.  Theoretical  results 

Having  determined  the  current  distribution  on  the  dipole,  any  of  the 
desired  characteristics  of  the  array  can  be  determined  to  within  the 
accuracy  of  the  model.  One  of  the  most  important  characteristics  of  a 
phased  array  is  its  impedance  or  reflection  coefficient  as  a  function  of 
scan  angle.  It  has  long  been  known  that  arrays  which  can  support  a  slow 
wave  can  exhibit  nulls  at  a  scan  angle  closer  to  broadside  than  the  onset 
of  a  grating  lobe  ( 13,24].  In  infinite  arrays,  these  nulls  become  blind 


angles,  with  a  reflection  coefficient  magnitude  of  1 


This  behavior  is 
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Figure  A. 13b.  Waveguide  simulator  results  for 
multi-layer  substrate  a  -  1mm 
^3  -  6.0,  t2  ”  25.4mm,  “  2 
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a  dipole  array  on  a 
b  ”  54mm,  tj  ■  19. 
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.14b.  Waveguide  simulator  results  for  a  dipole  array 
multi-layer  substrate  a  ■  1mm,  b  ”  95mm,  t^ 
^3  -  1.03,  t2  “  25.4mm,  er2  -  2.53. 


thought  to  be  due  to  a  "forced"  excitation  of  a  surface  wave  on  the  array 
face  [13].  For  a  microstrip  array,  the  location  of  the  blind  angles  can 
be  predicted  by  the  location  of  poles  in  the  yy  component  of  the  periodic 
Green's  function  which  are  not  canceled  by  a  zero  in  the  numerator. 
Physically,  these  poles  are  the  propagation  constants  of  the  surface  waves 
of  the  grounded  dielectric  substrate  (GDS).  The  propagation  constants  of 
these  modes  are  determined  by  satisfying  the  transverse  resonance 
conditions  of  the  GDS  without  the  array,  which  are 

s'  -  js  £f  cot  a't  ■  0  ( 

s  -  js'  cot  s't  -  0  (  Rpg.) 

Note  that  these  equations  are  also  stated  as  *  0  for 
for  where  and  D2  occur  in  the  denominator  of  the  Green’s  function, 

and  were  defined  in  Equation  (2.2-18).  Thus  because  of  the  use  of  the 
Green's  function  of  the  GDS,  the  effect  of  the  surface  waves  is  built  into 
the  solution.  However,  the  occurrence  of  blind  angles  is  easily  predicted 
by  the  spectral  or  grating  lobe  lattice  [71 J.  The  grating  lobe  lattice, 
illustrated  in  Figure  4.15,  is  the  spectral  lattice  of  Figure  2.1b  with 
visible  regions  of  both  the  half  space  above  the  array  and  the  GDS 
superimposed.  Although  each  lattice  point  in  the  spectral  lattice 
represents  a  Floquet  mode,  grating  lobe  lattice  is  the  commonly  used 
term,  and  will  be  used  here.  One  or  more  surface  wave  modes  will 


(4.2-3) 


anH  n  _ 


always  propagate,  and  a  "surface  wave  circle"  [ 7 1 J  can  be  drawn  on  the 
grating  lobe  lattice  for  each  propagating  surface  wave  mode,  with  a 
radius  equal  to  its  propagation  constant.  The  main  beam  of  the  array 


Figure  4.15.  Spectral  lattice,  with  visible  regions  superimposed  (grating 
lobe  lattice). 


corresponds  Co  Che  (0,0)  FloqueC  mode,  and  Che  scan  angle  is  defined  by 

Che  veccor  0  ,  defined  as 
o 

K  m  Vl  +  ao*2  (4.2-4) 

To  scan  Che  main  beam  in  Che  dlrecCion  0,  $,  as  shown  in  Figure  4.1,  m^ 

and  n  become 
o 

mQ  -  -Sj  sin  9  sin  ( 8^  -  $) 

(4.2-5) 

nQ  -  -S2  sin  9  sin  (  $  -  9^) 

+  * 

where  9^  and  9g2  are  Che  angles  Che  veccors  0^  and  0^,  make  wich  Che  x  or 
0x  axis.  For  a  recCangular  array,  EquaCion  (4.2-5)  reduces  Co 

mQ  «  -Sj  sin  9  cos  $ 

(4.2-6) 

n  -  -S0  sin  9  sin  A 
o  z 

The  negaClve  sign  in  Chese  equations  is  Che  resulc  of  Che  convencion 
chosen  Co  define  a  plane  wave,  as  discussed  in  Secdon  2.2.2.  When  Che 
main  beam  is  scanned  Co  9, $  by  Che  vecCor  0q,  all  of  Che  FloqueC  modes  are 
similarly  displaced,  as  shown  in  Figure  4.15.  If  any  of  Che  FloqueC  modes 
are  placed  on  a  surface  wave  circle,  Che  surface  wave  is  exclCed  by  chac 
FloqueC  mode,  causing  blindness  unless  Che  magniCude  of  ChaC  Floquet  mode 
is  zero,  as  defined  by  Che  Green's  funcCion.  Consideration  of  Figure  4.15 
clearly  shows  Che  possibilicy  of  blind  angles  aC  any  scan  angle,  including 
broadside,  for  proper  array  spacings.  FurChermore,  because  aC  least  one 
surface  wave  mode  can  propagate  in  the  GDS,  the  location  of  the  blind 
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angles  will  generally  be  a  limiting  factor  in  determining  the  scanning 
range  of  a  phased  array. 

While  the  grating  lobe  lattice  provides  a  clear  understanding  of  the 
behavior  of  the  array,  a  more  convenient  construction  for  determining 
blind  angles  was  suggested  by  Frazita  [71],  and  used  more  recently  by 
Pozar  and  Schaubert  [37].  This  construction,  referred  to  as  a  surface 
wave  circle  diagram  [71],  is  illustrated  in  Figure  4.16,  and  is  obtained 
by  drawing  grating  lobe  and  surface  wave  circles  around  the  lower- 
order  Floquet  modes.  When  a  surface  wave  circle  intersects  the 
visible  region,  blindness  will  occur  at  the  corresponding  scan  angles 
unless  cancellation  occurs.  This  construction  gives  a  very  simple  tech¬ 
nique  for  determining  the  blind  angles  of  the  array. 

As  an  example,  consider  a  microstrip  dipole  array  in  a  rectangular 

lattice,  with  S,  =  0.575X  ,  S„  =  0.5X  ,  t  =  0.15X  ,  and  e  =  2.53.  No 

1  o  2  o  o  r 

radome  was  present  in  this  example.  For  this  GDS  only  the  TMq  surface 
wave  mode  is  above  cutoff,  with  a  normalized  propagation  constant 

/k  =  1.1925.  The  elements  had  dimensions  a  =  0.001 X  and  b  = 
iMo  o  o 

0.36Xq,  giving  a  broadside  impedance  of  71.8  +  j 3 . 9  ohms  using  11  edge 
mode  basis  functions.  The  reflection  coefficient  versus  scan  angle  in  the 
E,  H  and  D  planes  is  shown  in  Figure  4.17.  An  examination  of  Figure  4.18 
easily  explains  the  coarse  characteristics  of  the  results  in  Figure  4.17. 
In  the  H-plane  scan  ( <J>  =  0),  the  intersection  with  the  TMq  surface  wave 
pole  at  sin  9  =  0.739,  or  9  =  33.1  degrees,  does  not  cause  blindness 
because  the  (1,0)  Floquet  mode  has  zero  amplitude  for  an  H-plane  scan.  In 
fact  for  H-plane  scans  the  TM  surface  wave  poles  are  not  excited,  and  for 
E-plane  scans,  the  TE  surface  wave  poles  are  not  excited,  due  to  the 
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Figure  A. 17.  Scan  performance  of  an  infinite  dipole  array  on  a  rectangular 
lattice,  a  -  0.001  \j,  b  -  0.36  t  -  0.15  Xq,  ^  -  2.55, 
SL  -  0.575  Aq,  S2  -  0.5  Xq. 


polarization  of  the  electric  field  in  those  planes.  However,  returning  to 
Figure  4.17,  a  grating  lobe  (Floquet  mode)  enters  visible  space  at  9  * 
47.6  degrees  in  the  H-plane  scan,  resulting  in  the  observed  peak.  The 
excitation  of  the  TMq  surface  wave  at  9  *  53.9  degrees  causes  the  observed 
blind  angle  in  the  E-plane.  The  D-plane  ( $  ■  45  degrees)  scan  is  smooth, 
as  no  surface  wave  or  grating  lobe  circles  are  intersected.  At  endfire 
scan  ( 9  *  90  degrees)  in  the  E  and  D  planes  { r j  -  1,  as  the  array  spacing 
is  such  that  no  Floquet  modes  are  propagating  (in  free  space.) 

While  the  basic  features  of  the  array  are  easily  predicted  by  the 
surface  wave  circle  diagram  or  the  grating  lobe  diagram,  the  moment  method 
solution  not  only  accounts  for  these  features  but  accurately  predicts  the 
shapes  and  magnitudes  of  the  peaks,  and  the  reflection  coefficient  at  all 
other  points.  As  will  be  seen  in  the  next  example,  the  shape  of  the  curve 
can  be  Important. 

In  the  next  example,  the  array  of  the  previous  example  is  covered 
with  a  dielectric  layer  (radome)  of  thickness  0.L  Xq  and  dielectric 
constant  2.55.  The  broadside  Impedance  of  this  array  was  50.1  +  j  143.2 
ohms.  The  results  for  this  array  are  plotted  in  Figure  4.19.  Because  of 
the  additional  layer,  a  second  surface  wave  is  permitted,  the  TEq  mode,  as 
shown  in  Figure  4.20.  In  the  H-plane  scan,  a  blind  angle  occurs  at  9  » 
42.0  degrees  due  to  the  excitation  of  the  TE  surface  wave  mode.  In  addi¬ 
tion,  a  grating  lobe  (Floquet  mode)  enters  visible  space  for  9  ■  47.7 
degrees.  The  result  of  these  two  factors  is  a  broadly  peaked  blind  angle. 
In  contrast,  the  blind  angle  in  the  D-plane  at  9  *  36.7  degrees  and  the 
blind  angle  in  the  E-plane  at  38.1  degrees,  both  due  to  excitation  of  the 
TMq  surface  wave  mode,  are  very  sharply  peaked,  resulting  in  a  low  reflec¬ 


tion  coefficient  over  a  much  broader  range  than  in  the  H-plane. 


The  next  example  is  for  a  hexagonal  array,  with  S,  »  S,  ■  0.5774 X  . 

l  /  o 

The  GDS  has  thickness  0.15X  and  a  dielectric  constant  2.55.  As  in  the 

o 

previous  case,  the  dipole  dimensions  were  a  -  0.001  X  and  b  ■  0.36  X  . 

o  o 

resulting  in  a  broadside  impedance  of  70.5  -  J3.4  ohms.  The  plot  of  the 
reflection  coefficient  in  the  three  principal  planes  is  in  Figure  4.21, 
and  the  surface  wave  circle  diagram  for  the  array  is  shown  in  Figure  4.22. 
As  predicted  from  Figure  4.22,  blind  angles  occur  at  53.9  degrees  in  the 
E -plane  due  to  excitation  of  the  TMq  surface  wave  mode  and  at  59.0 
degrees  in  the  D-plane  due  to  excitation  of  the  same  mode.  For  this  GDS, 
only  the  TM^  mode  is  above  cutoff.  The  reflection  coefficient  goes  to  1 
at  9  ■  90  degrees  in  all  three  principal  planes ,  due  to  the  spacing  of  the 
array.  The  peak  in  the  reflection  coefficient  in  the  D-plane  is  very 
sharp,  permitting  operation  with  a  low  reflection  coefficient  over  a  wide 
range  of  scan  angles. 

As  a  final  example,  a  case  computed  by  Pozar  and  Schaubert  is 
included  for  purposes  of  comparison.  This  array  is  on  a  rectangular  lat¬ 
tice,  with  Sj^  ■  0.5  XQ  and  Sj  *  0.4  XQ,  and  is  on  a  GDS  with  t  ■  0.08  XQ 
and  ef  »  12.8.  The  broadside  impedance  for  this  case  was  Z  -  11.3  -  J2.4 
ohms,  using  seven  edge  mode  basis  functions.  Two  surface  wave  modes 
propagate,  the  TMq  and  TEQ  modes.  The  reflection  coefficient  versus  scan 
angle  in  the  E  and  H  planes  is  plotted  in  Figure  4.23,  and  the  surface 
wave  circle  diagram  is  shown  in  Figure  4.24.  In  this  example  a  blind 
angle  occurs  in  the  E-plane  very  close  to  broadside,  at  9  ■  22.3  degrees, 
due  to  excitation  of  the  TMq  surface  wave  mode.  In  addition,  another 
blind  angle  occurs  in  the  E-plane  at  8  *  40.6  degrees  due  to  excitation  of 
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Figure  4.22.  Surface  wave  circle  diagram  for  array  in  Figure  4.21 
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.23.  Scan  performance  of  an  infinite  dipole  array  on  a  rectangular 
lattice,  a  -  0.002  X^,  b  -  0.1546  \>,  t  -  0.08  Xq,  ^  -  12.8 
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Figure  4.24.  Surface  wave  circle  diagram  for  array  in  Figure  4.23 
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Che  same  surface  wave  mode  by  a  different  Floquet  mode.  In  Che  H-plane, 
the  TMq  surface  wave  pole  at  8  *  6.6  degrees  Is  not  excited,  but  the  TEq 
mode  is  excited  at  0  *  63.2  degreees,  causing  a  blind  angle.  In  this  case, 
the  resulting  reflection  coefficient  is  generally  very  high  and  broadly 
peaked  in  both  planes. 

An  interesting  result  concerning  the  required  numerical  accuracy  is 
also  demonstrated  in  Figure  4.23.  The  curves  in  this  figure  were  obtained 
using  only  7  edge  mode  basis  functions.  In  addition,  several  points  were 
computed  using  13  edge  mode  basis  functions,  and  are  indicated  by  crosses 
on  the  curves  of  Figure  4.23.  The  discrepancy  between  the  results  in  the 
two  cases  is  negligible  in  the  plotted  reflection  coefficient. 

Another  interesting  characteristic  of  the  arrays,  which  can  be  deter¬ 
mined  from  the  solution  for  the  current  distribution,  is  the  bandwidth 
of  the  antenna.  In  the  array  environment,  the  bandwidth  is  additionally 
dependent  on  the  array  spacing,  along  with  the  substrate  and  element 
parameters.  For  example,  it  would  be  simple  to  choose  an  array  for  which 
a  slight  change  in  frequency  places  a  Floquet  mode  on  a  surface  wave 
circle  causing  blindness.  Such  an  array  would  have  a  decreased  bandwidth. 
A  detailed  discussion  of  the  effect  of  substrates  on  the  properties  of 
microstrip  dipoles  has  been  given  by  Katehi  and  Alexopoulos  [72],  and  the 
effects  of  a  radome  on  the  radiation  properties  of  an  infinitesimal 
microstrip  dipole  (the  Green's  function)  have  been  reported  by  Jackson  and 
Alexopoulos  [73]. 

One  example  of  the  effect  of  substrate  thickness  on  the  bandwidth  of 
a  rectangular  array  of  microstrip  dipoles  is  shown  in  Figure  4.25.  The 
array  dimensions  give  -  S2  ■  0.5  \Q  at  0.9  GHz,  where  the  three 


substrate  thicknesses  considered  were  0.075 X  ,  0.1X  and  0.125X  .  e  of 

o’  o  or 

the  GDS  was  2.53.  As  expected,  the  bandwidth  of  the  array  increases  with 

substrate  thickness,  with  2  to  i  VSWR  bandwidth  results  taken  from  Figure 

4.28  of  4.2%  for  t  -  0.075Xq,  8.3%  for  t  -  0.1 XQ  and  15.5%  for  t  -  0.125Xq 

(thicknesses  specified  at  0.9  GHz)  To  obtain  the  curves  of  Figure  4.25, 

the  array  was  considered  matched  at  the  resonant  frequency  for  each  case, 

where  the  three  resonant  resistances  were  R  *  19.0  ohms  for  t  «  0.075  X  . 

o’ 

36.3  ohms  for  t  »  0.1  X  and  60.7  ohms  for  t  -  0.125  X  . 

o  o 

The  final  numerical  results  of  this  chapter  concern  the  possibility 
of  obtaining  data  for  the  single  element  case  from  the  array  solution. 
Rana  and  Alexopoulos  have  computed  the  impedance  of  a  single  microstrip 
dipole  using  the  method  of  moments  [21].  However,  the  ability  to  obtain 
the  same  results  with  an  array  solution  could  provide  a  more  efficient 
technique,  as  Sommerfeld  Integrals  are  not  computed  in  the  array  solution. 
As  mentioned  in  the  introduction,  Munk  and  Burrell  discuss  the  "array 
scanning  method"  [32J,  where  the  single  element  solution  is  recovered  from 
the  array  solution  by  averaging  the  Impedance  of  an  element  in  an  infinite 
array  for  all  scan  angles  in  real  space.  This  approach  is  equivalent  to 
the  single  element  problem,  as  it  is  essentially  a  numerical  integration 
of  the  Sommerfeld  integrals  which  arise  in  the  single  element  problem. 

An  alternate  approach  which  seems  intuitively  plausible  is  to  simply 
increase  the  array  spacing  until  the  mutual  impedance  effects  are  no 
longer  significant.  Consider  a  half-wave  dipole  in  free  space  but  a 
quarter  wavelength  above  an  infinite  ground  plane.  The  resistance  and 
reactance  for  such  an  element  in  an  infinite  array  environment  as  a 
function  of  array  spacing  are  shown  in  Figure  4.26.  The  impedance  of  the 


single  element  was  obtained  from  a  standard  moment  method  solution  using  7 

piecewise  sinusoidal  basis  functions  as  100  +  j 7 5  ohms  [74].  As  the  array 

spacing  is  increased,  the  impedance  is  seen  to  settle  to  a  value 

approximately  equal  to  the  single  element  result.  While  increased  spacing 

increases  the  number  of  terms  which  must  be  taken  in  the  spectral  sum,  the 

solution  is  still  quite  efficient  at  the  spacings  in  Figure  4.26.  Thus 

this  method  appears  to  have  potential  for  arrays  in  free  space.  The  same 

is  not  true  in  general,  as  is  demonstrated  by  the  next  example.  Rana  and 

Alexopoulos  [21]  computed  the  impedance  of  a  single  microstrip  dipole  with 

a  radius  of  0.0002  X  and  length  0.317  X  on  a  GDS  with  t  *  0.1016  X  and 

o  o  o 

£r  ■  3.25.  The  impedance  of  this  element  in  an  array  environment  is  plot¬ 
ted  in  Figures  4.27  and  4.28.  Obviously,  the  impedance  is  not  approaching 
a  limiting  value.  The  behavior  exhibited  in  these  curves  is  readily 
explained  by  considering  the  effect  of  the  TMq  surface  wave  pole.  For  the 
GDS,  the  TM  surface  wave  mode  has  a  normalized  propagation  constant  of 
^o  /kQ  *  1.1349,  and  whenever  the  array  spacing  is  such  that  a  Floquet 

mode  lies  on  a  surface  wave  circle,  the  resistance  becomes  zero  and  the 
reactance  becomes  very  large.  This  will  occur  whenever  the  array  spacing 
is  a  multiple  of  1/1.1349  or  at  spacings  of  n*0.8813,  for  integer  values 
of  n.  This  behavior  is  clearly  seen  in  Figures  4.27  and  4.28.  In 
addition,  in  the  single  element  problem  the  effect  of  the  surface  wave  is 
always  present,  whereas  in  the  array  solution  its  effect  is  only  felt  for 
certain  array  spacings.  Thus  without  a  technique  to  include  the  surface 
wave  effect  separately,  the  array  solution  does  not  appear  to  be  able  to 
recover  the  impedance  for  a  single  element  simply  by  increasing  the 
lattice  spacing,  at  least  for  reasonable  lattice  spacings. 
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Figure  4.27.  Resistance  of  a  microstrip  dipole  in  an  infinite  array  as  a 
function  of  lattice  spacing,  a  *  .0002  Xq,  b  -  0.317  Xq, 
t  ■  0.1016  Xq,  ^  ■  3.25. 


Numerical  results  for  the  solution  of  infinite  arrays  of  microstrip 
dipoles  have  been  presented  in  this  chapter.  Through  the  use  of  an 
acceleration  technique,  a  particularly  efficient  solution  was  obtained. 
Agreement  with  experimental  results  and  other  independent  results 
indicates  the  validity  of  the  technique.  While  only  simple  dipole  arrays 
have  been  solved  here,  the  solution  could  be  easily  extended  to 
analyze  more  complicated  thin-wire  structures.  In  addition,  the  improved 
efficiency  over  other  solutions  is  important  because  it  allows  the 
antenna  designer  the  freedom  of  being  able  to  numerically  experiment  on 
the  computer  without  concurrent  high  costs  in  computer  time. 


CHAPTER  5 


INFINITE  ARRAYS  OF  MICROSTRIP  PATCHES 
A  moment  method  solution  for  Infinite  arrays  of  microstrip  patches  on 
thick  dielectric  substrates  is  considered  in  this  chapter.  This  problem 
is  considerably  more  involved  than  for  the  dipole  arrays  of  the  previous 
chapter  because  one  must  include  currents  in  both  the  x  and  y  directions. 
In  addition,  unlike  solutions  for  single  patch  elements  on  thin  substrates 
[17,18,20],  where  good  results  can  be  obtained  by  using  only  one  or  two 
entire  domain  modes  to  represent  the  current  distribution,  a  solution  for 
probe  fed  pat^es  on  thick  substrates  requires  the  use  of  enough  basis 
functions  to  adequately  represent  the  complicated  current  distribution 
near  the  feed  region. 

One  restriction  in  the  present  method  is  that  the  feed  structure  is 
not  included  in  the  boundary  conditions  of  the  integral  equation  for  the 
current  distribution.  While  this  approach  is  used  with  success  in  the 
analysis  of  single  patches  on  thin  substrates,  a  better  model  is  needed  to 
more  accurately  analyze  probe  fed  patches  on  thick  substrates. 

5.1.  Evaluation  of  the  matrix  elements 

5.1.1.  The  impedance  matrix 

The  general  formulation  of  the  solution  was  cosidered  in  detail  in 
Chapter  2,  and  examples  of  the  application  of  the  acceleration  technique 
to  the  evaluation  of  typical  inner  products  were  discussed  in  detail  in 
Chapter  3.  Therefore,  the  evaluation  of  the  impedance  matrix  elements  is 
only  briefly  considered  here. 
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As  in  method  2  in  the  previous  chapter,  rooftop  basis  functions 
were  used  to  represent  the  current.  While  linear  testing  would  have 
been  adequate,  employing  rooftop  testing  functions  in  a  Galerkin 
technique  allows  significant  savings  when  computing  the  impedance  of  the 
patch,  as  will  be  discussed  later.  These  basis  and  testing  functions  are 
defined  as 
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q(Ly;y  -  y8>  p<vx  -  xg) 


where  the  functions  q  and  p  are  defined  in  Equation  (3.3-17).  The  general 

layout  of  the  basis  functions  is  illustrated  in  Figure  5.1.  In  all  cases 

considered  here,  the  basis  functions  are  chosen  such  that  w  =  L  /2,  and 

x  x 

Wy  =  Ly/2.  The  extension  to  the  general  case  is  not  difficult,  and  hence, 

the  more  general  notation  is  used.  With  this  layout,  the  number  of  basis 

functions  can  be  described  in  terms  of  the  number  of  subpatches  of 

dimension  L  *L  .  For  example,  if  10  subpatches  are  used  in  both  the  x  and 
^  x  y 

y  directions,  a  total  of  180  basis  functions  are  defined  on  the  patch,  90 

in  the  x  direction  and  90  in  the  y  direction. 

The  application  of  the  acceleration  technique  to  the  evaluation  of 

the  impedance  matrix  elements  is  straightforward,  and  follows  the  example 

of  Section  3.3.2  closely.  The  spectral  sum  S  for  an  element  of  the  Z1"* 

p 

matrix,  where  i  and  j  can  be  either  x  or  y,  is  given  by 
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where  (p^,  -  p^)  is  the  vector  from  the  basis  function  to  the  testing 


function. 


The  spatial  sum  is  given  by 
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where 
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(5.1-4) 


fj(p)  is  evaluated  using  the  techniques  described  in  Section  3.3.2.  The 
singular  term  in  the  convolution  integral  is  evaluated  analytically  using 
the  integral  I^(a;i,b;j)  in  Table  3.4,  and  the  remainder  is  evaluated 
using  a  numerical  integration  routine. 

By  using  a  64  point  Gaussian  quadrature  routine  to  evaluate  the 
convolution  integrals,  a  typical  element  of  the  impedance  matrix  requires 
approximately  0.05  second  of  execution  time  on  a  CDC  6600.  While  this  is 
very  rapid,  the  large  number  of  matrix  elements  that  is  required  can 
nevertheless  lead  to  very  high  fill  times  (the  time  required  to  "fill"  the 
impedance  and  excitation  matrices).  However,  by  choosing  square  patches 
in  square  arrays  considerable  symmetry  exists  in  the  impedance  matrix, 
greatly  decreasing  the  fill  time. 

5.1.2.  The  excitation  matrix 

Unlike  the  dipole  array  problem  where  the  use  of  a  delta-gap  feed 
made  the  computation  of  the  excitation  matrix  trivial,  the  cost  of  filling 
the  excitation  matrix  can  be  significant  for  the  patch  problem. 
Conceptually,  each  element  of  the  excitation  matrix  can  be  considered  to 


be  the  field  of  an  infinite  array  of  feed  probes,  one  for  each  patch, 
tested  by  a  testing  function  on  the  reference  (0,0)  patch.  This 
element-by-element  approach  is  illustrated  in  Figure  3.10.  Through 
reciprocity  considerations,  it  can  be  shown  that  this  is  equivalent  to 
letting  an  infinite  array  of  the  original  testing  functions  radiate,  one 
on  each  patch,  and  evaluating  the  field  with  a  single  feed  probe  at  the 
reference  patch.  If  a  phase  shift  $  is  included  in  the  original  problem, 
the  opposite  phase  shift  must  be  used  in  the  reciprocal  problem.  The 
integration  of  the  field  along  the  probe  in  the  z  direction  becomes  a 
Fourier  cosine  transform,  and  is  easily  evaluated  because  of  the 
assumption  of  a  constant  probe  current.  In  this  manner,  a  typical  element 
of  the  excitation  matrix  becomes 

Vrl  -  -  T  n  [52  A„> 
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where  p^,  is  the  location  of  the  center  of  the  testing  function,  and  p'  is 
the  probe  location.  It  is  che  Fourier  transform  of  the  feed  current 
distribution  in  the  x  and  y  directions.  As  discussed  above,  the  negative 
of  the  impressed  phase  shift  is  used  in  Equation  (5.1-5). 

Several  feed  current  distributions  were  tried.  An  infinitesimally 
thin  probe  used  by  other  authors  for  the  single  patch  problem  on  thin 
substrates  does  not  work  well  here  due  to  convergence  problems.  In 
particular,  as  the  the  number  of  basis  and  testing  functions  is  increased, 
the  solution  does  not  converge  due  to  an  inability  to  model  the  peaked 


feed  current 


A  possible  solution  to  this  problem  is  to  extract  the 


behavior  of  the  current  distribution  in  the  vicinity  of  the  feed  probe,  as 
done  by  Chew  and  Kong  for  the  circular  patch  [15].  Ideally,  a  cylindrical 
probe  would  be  used  to  model  the  coaxial  feed  probe,  with  the  current 
flowing  on  the  exterior  of  the  cylinder.  While  this  model  would  not  be 
difficult  to  incorporate  into  the  spectral  sum,  it  makes  the  convolution 
integrals  of  the  spatial  sum  considerably  more  complicated.  As  a 
compromise,  a  square  current  distribution  was  used 

It(p')  -  p(Ew;x  -  x')  p(Ew;y  -  y*)  (5.1-6) 

>  A  A 

where  p'  »  x'x  +  y'y  is  the  feed  location,  and  E  is  the  half-width  of 

w 

the  feed. 

Having  chosen  the  feed  current  distribution,  the  application  of  the 
acceleration  technique  is  straightforward  and  follows  the  previous 
examples.  The  singular  integral  in  the  spatial  sum  is  evaluated  with  the 
use  of  1^  in  Table  3.4.  For  certain  scan  planes  a  factor  of  two  savings 
in  fill  time  is  obtained  through  symmetry  by  placing  the  probe  in  the 
center  of  one  dimension  of  the  patch.  However,  filling  the  excitation 
matrix  still  accounts  for  a  significant  portion  of  the  fill  time. 

5.1.3.  The  voltage  matrix 

After  solving  the  matrix  equation  for  the  current  coefficients  a^  and 
b^,  as  given  in  Equation  (2.3-10),  the  impedance  of  the  antenna  can  be 
determined.  For  convenience,  the  current  coefficients  will  be  denoted  as 
Ir«  The  impedance  of  the  antenna  is  obtained  as 
R 
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where  Er  is  the  field  of  the  rth  basis  function,  and  Jg  is  the  probe 
current 


Ja<P>  “  P(  c» 2  "  t/2) 


(5.1-8) 


R  is  of  course  equal  to  the  total  number  of  basis  functions.  Other  than 
the  sign  of  the  phase  shift  vector  |q,  the  inner  product  <Er,J  >  is  given 
by  Equation  (5.1-5),  with  Jr  substituted  for  T^.  Because  rooftop 
functions  have  been  used  for  both  testing  and  basis  functions,  the 
excitation  and  voltage  matrices  are  equivalent  if  there  is  no  applied 
phase  shift.  Thus  the  use  of  Galerkin's  method  results  in  a  significant 
savings  in  execution  time  for  this  important  case. 

Because  the  feed  currents  are  not  included  in  the  integral  equation, 
the  self  impedance  of  the  feed  probe  is  added  as  a  correction  factor  in 
Equation  (5.1-7).  The  self  impedance  per  unit  length  of  an  infinite  wire 
is  given  by  [49,17] 
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The  use  of  this  formula  is  based  on  the  assumptions  that  the  feed  current 
is  constant  and  that  the  probe  is  sufficiently  removed  from  the  patch 
edges  that  it  can  be  considered  to  be  in  an  infinite  parallel-plate 
waveguide.  If  these  conditions  are  met,  this  correction  formula  is  valid, 
to  the  accuracy  of  the  thin-wire  approximation  used  to  obtain  such  a 
simple  expression  [49].  This  approximation  has  been  tested  and  found  to 
be  very  accurate  even  for  probes  with  diameters  as  large  as  0.05  1^.  The 
factor  of  0.5902  i3  the  equivalent  radius  of  a  square  of  side  length  1, 


1-aJB  - 
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based  on  equal  static  capacitances  [75].  This  approximate  correction,  not 
strictly  applicable  here,  is  used  in  an  attempt  to  compensate  for  the  use 
of  a  square  current  distribution. 

5.2.  Numerical  results 

5.2.1.  Scattering  from  square  plates 

Unfortunately,  no  computed  or  measured  results  for  the  impedance  of 
large  microstrip  arrays  using  individual  probe  feeds  could  be  found  in  the 
literature.  Glisson  and  Wilton  have  computed  current  distributions  for 
square  plates  in  free  space  excited  by  a  normally  incident  plane  wave 
[54,76J.  Based  on  the  successful  approximation  of  the  single  dipole 
antenna  in  free  space  with  the  array  solution,  these  results  were  used  as 
an  initial  test  of  the  patch  array  program. 

The  current  distribution  on  a  0.15  Aq  square  plate  in  a  rectangular 
array,  with  «  S2  ■  3.1  Aq,  was  computed  first.  The  array  plane  was  also 
3.1  Aq  above  the  ground  plane,  and  to  agree  with  Glisson  and  Wilton's 
results,  a  normally  incident  y  polarized  plane  wave  was  normalized  to  the 
value  of  nQ  volts/ AQ  at  the  array  plane,  where  is  the  intrinsic  impe¬ 
dance  of  free  space.  Ten  subpatches  were  used  in  both  the  x  and  y 
directions,  for  a  total  of  180  basis  functions.  The  resulting  current 
distributions  are  shown  in  Figures  5.2a  and  5.2b.  The  results  agree  well 
with  the  free-space  case.  As  expected,  as  the  spacing  is  changed,  the 
numerical  values  oscillate  somewhat.  As  an  example,  the  same  case  with  an 
array  spacing  of  2.2  Aq  is  shown  in  Figures  5.3a  and  5.3b.  Qualitatively, 
there  is  little  difference,  but  the  values  of  the  current  peaks  change 


somewhat 
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As  another  example,  the  current  distribution  on  a  1.0  Xq  square  plate 
with  the  same  excitation  is  shown  in  Figures  5. 4a  and  5.4b.  In  this  case 
the  array  spacing  was  3.1  Xq.  Again,  the  current  distribution  is  in  good 
agreement  with  results  published  by  Glisson  and  Wilton. 

5.2.2.  Arrays  of  microstrip  patches 

The  examples  of  the  previous  section  are  not  a  complete  check  on  the 
solution,  of  course.  It  is  hoped  that  a  series  of  experiments  can  be 
performed  in  the  future  on  a  large  array  to  further  verify  the  solution. 
Because  of  the  asymmetries  in  the  current  distribution  due  to  the  probe 
feed,  which  will  be  demonstrated  next,  a  waveguide  simulator  experiment 
such  as  used  to  verify  the  results  in  Chapter  4  is  not  strictly  valid. 
While  the  effect  of  the  feed  may  not  significantly  affect  the  experiment, 
it  is  felt  that  an  experiment  on  an  actual  array  would  provide  a  better 
initial  test  of  the  results. 

As  discussed  in  Chapter  4,  one  check  of  the  validity  of  a  moment 
method  solution  is  to  increase  the  number  of  basis  functions  and  test  for 
convergence.  An  example  of  the  convergence  of  the  impedance  of  an  element 
in  an  infinite  microstrip  patch  array  is  given  in  Table  5.1.  In  this 
example,  a  rectangular  lattice  with  ■  S2  *  0.5  \Q  was  used,  with 
t  »  0.1  X  and  er  *  2.53.  The  patch  was  0.3  XQ  square,  and  was  fed  at  the 
center  of  one  side,  0.045  Xq  from  the  edge.  The  feed  had  a  half-width  of 
0.025  Xq.  Such  a  large  feed  was  used  to  get  convergence  in  a  reasonable 
number  of  basis  functions.  Thin  feeds  are  handled  just  as  easily,  except 
that  more  basis  functions  are  required  to  represent  the  resulting  current 
distribution.  Table  5.1  shows  the  answer  is  relatively  well  converged  with 


9  subpatches  in  the  x  and  y  directions,  for  a  total  of  220  matrix 
elements,  including  the  excitation  matrix. 


182 


TABLE  5.1 


CONVERGENCE  AND  EXECUTION  TIMES  FOR  MOMENT  METHOD  SOLUTION  OF  MICROSTRIP 
PATCH  ARRAY,  USING  THREE  DIFFERENT  INTEGRATION  TECHNIQUES 


No.  of 
Subsections 

"Exact" 

144  point 

Gaussian 

Quadrature 

64  point 
Gaussian 
Quadrature 

3 

44.3  +  J124.4 
(4.1  sec) 

44.1  +  J124.2 
(1.03) 

43.6  +  J124.0 
(0.69) 

5 

41.3  +  J145.7 
(13.2  sec) 

41.1  +  j 1 45 .6 
(3.52) 

40.8  +  J145.3 
(2.37) 

7 

36.5  +  j 154.7 
(18.1  sec) 

36.4  +  J154.6 
(7.66) 

36.1  +  j 154.4 
(5.27) 

9 

34.0  +  J167.1 
(37.2  sec) 

33.8  +  j 166 .9 
(13.22) 

34.0  +  J167.0 
(9.31) 

11 

32.5  +  J 167 .8 
(53.5  sec) 

32.3  +  J167.6 
(20.41) 

32.1  +  J167.4 
(14.26) 
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Also  Included  in  Table  5.1  are  results  for  the  same  problem  using 
three  different  methods  of  evaluating  the  convolution  integrals  of  the 
spatial  sum.  The  first  columns  show  the  results  using  the  adaptive 
numerical  integration  routine  DBLIN,  described  in  Chapter  3.  The 
remaining  columns  give  the  corresponding  results  and  execution  times 
obtained  using  144  and  64  point  Gaussian  quadratures.  Although  the 
savings  in  execution  time  varied  with  the  number  of  subpatches, 
approximately  a  factor  of  four  improvement  is  obtained  using  the  64  point 
Gaussian  quadrature,  with  little  loss  in  accuracy.  Using  11  subpatches, 
and  including  the  excitation  matrix,  a  total  of  335  distinct  matrix 
elements  need  to  be  evaluated  for  the  zero  phase  shift  case.  Using  the  64 
point  Gaussian  quadrature,  the  average  time  to  evaluate  the  matrix 
elements  was  0.043  second.  Recall  from  Chapter  4  that  without  any 
acceleration,  approximately  one  second  per  matrix  element  was  required, 
using  rooftop  basis  functions  and  linear  testing,  only  slightly  less 
smooth  than  this  case.  The  same  problem  would  then  require  approximately 
6.5  minutes  of  execution  time  on  the  CDC  6600. 

The  current  distribution  for  the  patch  of  the  previous  example  is 
shown  in  Figures  5.5a  and  5.5b.  The  imaginary  component  of  the  y  directed 
current  is  very  smooth,  and  probably  can  be  adequately  represented  with 
one  sinusoidal  mode,  assuming  the  effect  of  the  edge  condition  can  be 
neglected,  as  concluded  by  Deshpande  and  Bailey  [17).  The  real  component, 
on  the  other  hand,  is  dominated  by  the  peaked  behavior  in  the  feed  region. 

A 

Similarly,  the  real  component  of  the  x  directed  current  is  essentially 
zero  everywhere  but  at  the  edges  and  near  the  feed  point.  These  results 
clearly  illustrate  the  major  difficulty  in  analyzing  probe  fed  patch 


arrays  on  thick  substrates;  in  order  to  adequately  model  the  current 
distribution  a  large  number  of  basis  functions  is  required. 

Results  for  the  impedance  as  a  function  of  frequency  for  two 
probe-fed  microstrip  patch  arrays  are  shown  in  Figures  5.6  and  5.7.  The 
array  dimensions  are  chosen  such  that  at  0.9  GHz  the  dimensions  are  the 
same  as  in  the  previous  examples.  Two  substrate  thicknesses  were  used, 
t  ■  0.08  and  t  »  0.1  at  0.9  GHz.  In  both  Figures  5.6  and  5.7 
the  10  plotted  points  are,  proceeding  clockwise,  0.7  to  1.0  GHz  by 
0.05  GHz,  and  1.1,  1.2  and  1.25  GHz.  As  expected  from  results  for 
single  patches  [17,18,20],  the  curves  for  these  patches  on  thick 
substrates  are  on  the  Inductive  side  of  the  Smith  chart.  Consistent  with 
this,  the  array  on  the  thicker  substrate  is  more  Inductive.  The  curves 
could  be  moved  towards  the  center  of  the  Smith  chart  if  desired  by  either 
using  a  matching  network  or  by  moving  the  feed  location  to  Improve  the 
match  to  a  50  ohm  line.  However,  due  to  the  cost  and  storage  require¬ 
ments  of  an  off-center  feed  this  was  not  attempted. 

Obviously,  the  feed  presents  a  difficult  problem.  Other  feed  models 
giving  smoother  excitation  fields  are  one  possibility.  Alternatively, 
including  a  basis  function  which  models  the  feed  behavior,  as  done  by  Chew 
and  Kong  [15],  appears  to  be  a  reasonable  approach.  It  is  evident  from  the 
current  distributions  in  Figures  5.5a  and  5.5b  that  extracting  the  feed 
region  current  would  leave  a  relatively  smooth  current  which  could  be 
represented  with  relatively  few  basis  functions.  This  would  help 
alleviate  the  matrix  storage  problem  which  arises  with  the  present 
technique. 

While  the  feed  problem  is  important,  useful  information  about  the 
array  can  be  obtained  by  considering  the  scattering  problem.  All  of  the 


information  about  the  basic  array  is  still  included  in  the  Z  matrix, 
including  bandwidth  and  scan  performance  information.  Thus  the  scattering 
problem  essentially  provides  a  source  free  solution,  somewhat  similar 
to  analyzing  a  dipole  using  a  delta  gap  feed.  While  the  delta  gap  feed  is 

accurate  for  monopoles  and  dipoles  with  small  feed  regions,  a  more 

complete  analysis  including  the  feed  structure  is  needed  for  the  more 
general  case  (74).  Nevertheless,  the  feed-independent  models  can  provide 
very  useful  information  about  the  array. 

As  an  example,  Bailey  and  Deshpande,  using  a  single  mode 

approximation  to  the  current  distribution,  plot  the  real  and  imaginary 

values  of  the  current  coefficient  as  a  function  of  frequency  and  use  the 

result  to  predict  the  resonant  frequency  and  bandwidth  of  the  patch  [19J. 

Because  of  the  difficulty  in  defining  a  resonant  frequency  for  a  patch  on 

a  thick  substrate,  where  the  imaginary  component  of  the  current  may  never 

change  sign,  a  slightly  different  approach  will  be  used  in  this  example. 

Using  the  same  array  as  in  the  previous  examples,  the  real  and  imaginary 

parts  of  the  current  at  the  center  of  the  patch  were  calculated  as  a 

function  of  frequency  for  five  different  substrate  thicknesses.  The 

results  for  the  cases  of  t  *  0.04  \  and  t  ■  0.08  \  at  0.9  GHz  are  shown 

o  o 

in  Figures  5.8  and  5.9.  By  plotting  the  current  on  a  Smith  chart  and 
rotating  the  resulting  curve  until  it  was  symmetric  about  the  zero 
reactance  axis,  the  Q  factor  of  the  antenna  can  be  determined  using  the 
half-power  method  [77).  This  approach  is  used  due  to  the  asymmetry  of  the 
current  as  plotted  in  Figures  5.8  and  5.9.  In  this  manner,  the  Q  factor 
for  each  of  the  five  cases  was  determined,  and  the  results  plotted  in 
Figure  5.10.  As  expected,  the  Q  factor  decreases  as  the  substrate 
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Figure  5.8 


REAL 
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Current  density  induced  on  a  microstrip  patch  in  an  infinite 
array  by  a  normally  incident  plane  wave.  »  S2  ■  167mm, 
er  “  2.53,  a  ■  b  -  100mm,  t  “  13. 3mm. 


FREQUENCY  (GHZ.) 


Figure  5.9 


REAL 


IMAGINARY 


Current  density  induced  on  a  microstrip  patch  in  an  infinite 
array  by  a  normally  incident  plane  wave.  «  Sj  *  167mm, 

■  2.53,  a  ■  b  “  100mm,  t  ■  26.6mm. 


thickness  increases.  For  Che  thicker  substrates,  a  very  small  Q  is 
obtained,  indicating  a  correspondingly  wide  bandwidth. 

The  examples  in  this  chapter  demonstrate  an  efficient  solution  for 
complex  current  distributions  on  a  probe  fed  microstrip  patch,  allowing  a 
variety  of  problems  to  be  solved.  At  the  same  time,  they  point  out 
several  remaining  difficulties.  First,  computer  storage  is  a  major 
problem.  An  alternate  technique  to  solve  the  matrix  equation,  such  as  an 
iterative  technique,  should  be  investigated.  Second,  the  feed  region 
becomes  a  significant  problem  for  patches  on  thick  substrates,  and  the 
need  for  a  more  rigorous  analysis  is  indicated. 


CHAPTER  6 


CONCLUSION 

Infinite  arrays  of  microstrip  antennas  on  electrically  thick 
substrates  have  been  analyzed  using  an  efficient  solution  technique.  In 
Chapter  2,  a  standard  infinite  array  formulation  was  used  to  obtain  an 
integral  equation  for  the  periodic  current  distribution,  which  was  then 
cast  into  matrix  form  using  the  method  of  moments.  The  computation  of  the 
matrix  elements,  ordinarily  very  time-consuming,  was  performed  efficiently 
using  series  acceleration  techniques.  Because  the  Green's  function  for 
the  dielectric  slab  was  used,  the  solution  is  not  restricted  to  thin 
substrates,  as  are  many  other  techniques.  In  addition,  the  efficient 
computation  of  the  matrix  elements  allows  large  numbers  of  basis  functions 
to  be  used  with  reasonable  execution  times,  providing  a  more  general 
solution  than  previously  available. 

The  solution  retained  the  simplicity  of  the  infinite  array 
formulation,  while  significantly  improving  the  efficiency.  In  particular, 
the  geometry  of  the  problem  manifested  itself  primarily  in  the  spectral 
domain,  where  it  was  easily  handled,  allowing  easy  alteration  of  the 
Green's  function  to  that  of  a  different  medium.  The  singularity  in  the 
Green's  function,  which  ordinarily  leads  to  slow  convergence  in  a  spectral 
domain  sum,  was  extracted  and  handled  easily  in  the  spatial  domain  as  a 
singular  integral.  Because  only  the  asymptotic  form  of  the  Green's 
function  singularity  was  extracted,  the  singular  integral  was  essentially 
independent  of  the  media.  Two  examples  of  the  application  of  the 
acceleration  technique  were  considered  in  detail  in  Chapter  3. 


In  Chapter  4,  the  method  was  applied  to  the  analysis  of  infinite 
arrays  of  microstrip  dipoles.  In  an  attempt  to  further  Improve  the 
efficiency  of  the  solution,  several  thin-wire  approximations  were  made, 
and  their  range  of  validity  studied.  It  was  found  that  the  approximations 
significantly  Improved  the  efficiency  of  the  solution,  but  were  only  valid 
for  dipoles  with  widths  less  than  approximately  0.02 Xq.  A  series  of 
waveguide  simulator  experiments  were  conducted  which  demonstrated  the 
validity  of  the  theory.  Several  arrays  were  modeled,  both  with  and 
without  radomes.  Because  the  effect  of  surface  waves  was  included  through 
the  use  of  the  Green's  function  for  the  grounded  dielectric  substrate  and 
the  infinite  array  formulation,  blind  angles  in  the  array  scan  performance 
were  accurately  predicted. 

An  initial  analysis  of  arrays  of  microstrip  patches  on  thick 
substrates  was  discussed  in  Chapter  5.  Because  of  the  lack  of  published 
results  and  the  complexity  of  a  suitable  experiment,  the  theory  was  ini¬ 
tially  tested  by  treating  the  array  of  patches  as  a  scatterer.  Good 
agreement  with  independently  computed  current  distributions  on  single 
plate  scatterers  was  observed  if  the  array  spacing  was  several  times  the 
plate  size,  and  for  similar  separations  from  the  ground  plane.  Based  on 
this  agreement  and  the  success  of  the  dipole  results,  several  examples 
were  computed  for  probe-fed  microstrip  patches,  using  a  simplified  feed 
model  commonly  used  in  the  analysis  of  patches  on  very  thin  substrates. 
In  one  example,  the  current  distribution  on  a  patch  was  computed,  which 
clearly  demonstrated  that  a  major  difficulty  in  analyzing  probe-fed 
microstrip  patches  is  in  adequately  representing  the  currents  in  the  feed 


region. 


Several  areas  remain  in  need  of  further  investigation.  First,  it  is 
felt  that  a  series  of  experiments  are  needed  to  provide  confirmation  for 
theoretical  results.  Lacking  such  data,  it  is  unclear  to  what  extent  the 
feed  region  model  needs  to  be  improved,  but  clearly  a  more  detailed 
analysis  would  be  beneficial.  In  addition,  the  possibility  of  extracting 
the  feed  region  currents,  leaving  a  smooth  current  distribution  on  the 
patch  should  be  investigated.  For  example,  a  single  function  closely 
modeling  the  feed  region  behavior  could  be  included  in  the  set  of  basis 
functions.  Finally,  in  order  to  analyze  general  antenna  elements  many 
basis  functions  will  be  required.  Although  the  improved  efficiency  of 
this  technique  keeps  the  matrix  fill-time  reasonable,  a  practical 
limitation  on  the  number  of  basis  functions  that  can  be  used  exists  due  to 
either  memory  requirements  or  matrix  inversion  times.  Thus,  alternative 


methods  of  solving  the  matrix  equation  should  be  investigated 
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PART  II 

THEORETICAL  AND  EXPERIMENTAL 
INVESTIGATION  OF  A  MICROSTRIP 
RADIATOR  WITH  MULTIPLE  LUMPED 
LINEAR  LOADS 


ABSTRACT. 

A  simple  theory  is  developed  for  the  analysis  of  microstrip  patch  elements 
which  are  loaded  at  one  or  more  points  with  lumped  linear  load  impedances. 
The  analysis  is  based  on  a  "cavity  model"  in  which  the  shape  of  the  field 
distribution  between  the  patch  and  ground  plane  is  assumed  to  be  well 
approximated  by  that  of  the  resonant  modes  of  a  corresponding  magnetic  and 
electric  walled  cavity.  The  resonant  mode  of  the  loaded  cavity  is  represented 
as  an  appropriate  superposition  of  the  modes  of  the  corresponding  unloaded 
cavity.  The  characteristic  equation  for  the  resonant  frequencies  of  the  loaded 
cavity  is  obtained  in  terms  of  the  load  impedances  and  the  unloaded  cavity 
multiport  open  circuit  parameters.  An  analysis  of  the  input  impedance  of  a 
rectangular  microstrip  element  shorted  at  an  arbitrary  point  is  implemented 
and  the  results  show  good  agreement  with  experiment.  Two  ancilliary  results 
arc  also  obtained,  first,  the  modeling  of  the  radiative  power  loss  in 
terms  of  an  artificially  lossy  dielectric  in  an  otherwise  ideal  cavity 
is  justified  for  thin  elements.  Second,  an  equivalence  is  derived  be¬ 
tween  a  thin  strip  and  a  circular  cylinder  model  of  the  feed  current 
distribution. 

1.  Introduction. 

Loading  a  microstrip  element  by  one  or  more  lumped  impedances  can  alter  the 
radiative  and  impedance  properties  of  the  element  [l].  Such  loads  can  also  be  used 
to  change  the  resonant  frequency  of  the  element  over  a  wide  range  without 
substantially  changing  the  match  and  pattern  \2\  If  the  loads  are  varactor  diodes 
whose  capacity  can  be  altered  by  changing  an  applied  bias  or  PIN  diodes  which  can 
play  the  role  of  open  or  short  circuits  in  the  element  according  to  the  bias  applied, 
the  element  can  be  made  adaptable.  Indeed,  it  is  possible  by  introducing 
appropriately  placed  diodes  to  change  an  element  pattern  from  one  with  a  null  in 
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the  zenith  direction  to  one  with  a  beam  maximum  there  (3j  for  a  given  fixed  band 
of  operation. 

It  is  useful  in  the  design  of  such  elements,  of  course,  to  be  able  to  predict  with 
some  accuracy  the  element  pattern,  impedance,  and  resonant  frequency.  Shaubert, 

Farrar,  Sindoris,  and  Hayes  [2]  developed  an  analysis  for  such  loaded  elements. 

Their  analysis,  is  based  on  a  "transmission  line  model"  of  a  rectangular  element. 

This  model  is  quite  efficient  because  of  its  simplicity  and  their  predictions  of 
resonant  frequency  versus  shorting  pin  location  agree  fairly  well  with  experimental 
measurements.  However,  because  the  transmission  line  model  has  no  facility  for 
predicting  the  variations  in  the  inductive  component  of  a  load  as  its  position  is 
varied  within  the  element,  it  fails  to  predict  certain  trends  in  the  resonant 
frequency  of  a  short-loaded  element  as  the  shorting  pin  approaches  the  patch  edge. 

This  model  also  cannot  predict  the  impedance  of  the  element  very  accurately.  This 
is  because  the  field  distribution  between  the  ground  plane  and  the  patch  of  a  loaded 
element  is  much  too  complicated  to  be  adequately  represented  by  a  single-mode, 
transmission  line  model. 

The  goal  of  this  research  was  to  improve  the  accuracy  of  the  analysis  of 
loaded  elements  by  considering  a  full  modal  analysis.  Using  such  an  analysis,  all  of 
the  qualitative  trends  in  the  resonant  frequencies  of  loaded  elements  with  respect 
to  load  position  are  fully  explained.  Moreover,  for  thin  elements,  the  quantitative 
agreement  between  predicted  and  measured  resonant  frequencies  is  also  quite 
good.  Furthermore,  the  impedance  variation  with  frequency  is  predicted  rather 
accurately  for  any  location  of  the  load  as  the  results  in  the  last  section  of  this 
report  demonstrate.  It  is  noted  that  while  the  analysis  presented  in  this 
report  is  more  complicated  than  a  transmission  line  model,  it  has  still  been 
efficiently  implemented  as  evidenced  by  the  fact  that  the  program  used  to  compute 
the  results  of  the  last  section  was  written  for  a  microcomputer  running  under 
a  BASIC  interpreter. 
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This  part  is  organized  in  the  following  sections: 

Section  2:  An  approximate  equivalence  between  a  radiating  element  and  an 
artificially  lossy  cavity  is  established.  While  such  an  equivalence  was  proposed  and 
used  by  the  authors  in  previous  work  [l]  ,  a  more  rigorous  justification  is  given  in 
this  section. 

Section  3s  Having  established  that  one  can  deal  with  a  cavity  rather  than  the 
actual  patch  radiator  to  estimate  the  resonant  mode  field  distribution,  the 
orthogonality  of  resonant  modes  in  a  loaded  cavity  is  addressed. 

Section  4s  The  characteristic  equation  for  the  resonant  frequency  of  a  cavity 
loaded  by  a  single  short  is  derived  and  the  expression  of  the  loaded  cavity  resonant 
mode  in  terms  of  the  corresponding  unloaded  cavity  modes  obtained. 

Section  5s  The  results  of  Section  4  are  generalized  to  the  case  of  an  arbitrary 
number  of  arbitrary  lumped  loads. 

Section  6s  The  loaded  cavity  mode  distribution  derived  in  the  previous  section  is 
used  to  estimate  quality  factor  of  the  associated  patch  radiator.  Also, 
determination  of  the  "feed  reactance"  associated  with  the  loaded  cavity  is 
discussed.  From  these  results  and  the  results  of  Section  2,  the  expression  for  the 
input  impedance  of  the  loaded  patch  element  is  given. 

Section  7s  The  details  of  how  the  series  required  by  this  multimode  theory  were 
efficiently  summed  is  presented  in  this  section.  This  section  also  shows  that  a  thin 
strip  of  electric  current  of  a  certain  "effective  feed  width"  can  be  used  to  model  a 
uniform  circular  cylindrical  electric  surface  source  current. 

Section  Zs  This  section  contains  the  results  of  the  application  of  this  theory  to  a 
rectangular  patch  element  with  a  single  shorting  pin.  Experimental  and  theoretical 
results  are  compared  and  evaluated. 


2.  Rigorous  basis  of  cavity  model  and  “effective  iosa  tangent." 

The  exact  fields  under  the  patch  illustrated  in  Fig.  la  can  be  attributed,  through  the  use  of 
Huy  gen's  principle,  to  the  primary  source  distribution,  and  a  secondary  source  distribu¬ 

tion,  -J(q(r‘),  acting  within  an  ideal  cavity  formed  by  joining  the  patch  edge  to  the  ground  plane 
with  magnetic  conductor  as  illustrated  in  Fig.  lb.  This  secondary  current,  of  course,  is  given  by 

J^?)=nxH, 

where  n  is  an  outwardly  pointing  unit  normal  to  the  patch  edge  and  U  is  the  exact  total  mag¬ 
netic  field. 

Before  proceeding  any  further,  the  context  of  the  discussion  is  simplified  by  the  following 
approximation.  While  the  actual  fields  within  the  cavity  vary  in  general  with  the  z  coordinate 
and  thus  any  cavity  mode  expansion  that  represents  these  fields  should  be  summed  over  r- 
dependent  modes  as  well,  the  fields  can,  to  a  very  good  approximation  be  considered  z- 
independent.  This  is  because  most  practical  microstrip  antennas  are  still  rather  thin  compared  to 
a  wavelength.  Thus,  any  r -dependent  cavity  mode  will  evanesce  quickly  away  from  the  point  at 
which  it  is  generated.  Furthermore,  if  one  attributes  the  radiated  field  and  surface  waves  as  being 
due  to  a  ribbon  of  magnetic  current  encircling  an  electrically  conducting  “mesa”  formed  by  short¬ 
ing  the  patch  edge  to  the  ground  plane,  it  can  be  seen  that  the  r-dependent  magnetic  currents 
will  produce  negligible  radiated  fields  because  of  their  multiple  phase  reversals.  This  approxima¬ 
tion  is  not  necessary,  but  it  does  simplify  the  discussion  that  follows  and  is  completely  adequate 
in  that  context. 

If  is  the  set  of  orthonormal  cavity  modes  which  represent  the  source  free  electric 

fields  of  the  cavity  with  being  their  corresponding  resonant  wave  numbers,  then  the  exact 
total  electric  field  £,(?)  due  to  the  source  current  /Hsrc«('r)  and  the  secondary  current  /«,(?)  is 
given  by 

E,(7)  —  -  0) 


where 


(2) 


A™  =  ■ 
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S  is  the  surface  of  the  patch  dS  being  its  boundary,  and  k  =  k^l-jS),  is  the  complex  intrinsic 
wave  number  of  the  dielectric  substrate.  The  dielectric  loss  tangent  is  6  which  can  be  written  as 
l/Qi,  where  <?d  is  the  dielectric  quality  factor.  The  “ k r"  is  the  real  part  of  the  intrinsic  wave 
number.  The  "]£]"  without  limits  indicates  a  summation  over  all  of  the  z-independent  modes. 
The  “ds”  in  (2)  is  the  element  of  arc  length  along  the  cross  section  of  the  primary  and  secondary 
surface  current  distributions.  The  sum  in  (1)  converges  uniformly  as  the  observation  point  nears 
the  edge  of  the  patch  although  its  gradient  which  is  proportional  to  the  internal  electric  patch 
surface  current  has  a  non-uniform  convergence. 

Multiplying  equation  (1)  by  the  negative  of  the  complex  conjugate  of  the  secondary  source 
current  and  integrating  over  the  magnetic  wall  yields  the  total  "complex  power"  leaving  the  ele¬ 
ment, 


p,  +  Sl;"7^  .  (3) 

where  P,  is  the  power  radiated  in  the  space  and  surface  waves  and  A  is  the  difference 
between  the  averages  of  the  electric  and  magnetic  stored  energies  external  to  the  cavity.  The 

parameter  t  is  the  thickness  of  the  substrate  and  u  is  its  permeability.  The 
"bar"  over  the  I  denotes  complex  con  meat i on .  I  he  primary  source  distribution 
can  be  assumed  to  be  real  so  that  T  in  Id)  is  also  real.  The  time  average 
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’ ntt ■zrt:a.'  electric  stored  energy  is 


^  2^E  |*2. 

The  ratio  of  the  complex  power  in  (3)  to  twice  w  times  this  energy  is 
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If  this  ratio  is  computed  for  frequencies  such  that  k  «  kMS,  then  Q  =  QMN  is  (or  can  be  defined 
««)  the  radiative  “quality  factor"  of  the  MN **  mode  of  the  antenna.  Solving  for  lUN,  one  obtains 


II-6 


_  ki~kHN 

‘UN  ~  ,2  .2  'V/V  +  i  2  7  "  ’ 


LZ  L2  LZ  LZ  f 

-  *MN  *Jl#N  ' 

where  is  the  effective  dielectric  wave  number  around  the  A#7V*h  mode  and  is  given  by 

=  *r2(l-X«W)-jV(l/<?a+  l/<?v/v)  , 
and  R  is  a  “remainder”  term  which  is  given  by 


~P^L 


+  (XUN+HQuN)k 
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The  prime  on  the  summation  indicates  that  the  sum  is  over  all  cavity  modes  except  the  AfJV*k 
mode.  Rather  than  solving  the  quadratic  equation  for  /yjy  in  (5),  it  is  convenient  to  think  of  this 
equation  as  a  contraction  mapping  which  can  be  solved  by  iteration.  Stopping  at  the  first  itera¬ 


tion,  IUN  is  given  by 


k2-kUN  „  ,  ,  P*~kUN  1 

!UN  555  —2 — Tj—tuN  +  (*2-±juw)-7S — 7i  To  R 
*ef  _  KUN  *•*  -  *UN  'XV 
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Upon  substitution  of  this  into  (1), 


„  tuN(r)  ,0 

E,(?)  —  — -j-Iun 

kU  ~  kUN 
c-V 

+  k2_k2m’l~  (8) 
^ a~kUN  1  _  , 
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When  the  frequency  is  in  the  band  of  the  MN tt  resonant  mode,  especially  for  thin  elements 
for  which  the  QUN  is  large,  the  first  term  of  (8)  strongly  dominates  the  last  term  which  can  be 
neglected.  The  physical  interpretation  of  the  first  term  of  (8)  is  that  the  field  due  to  the  primary 
source  and  the  secondary  source  associated  with  the  resonant  mode  of  the  element  can  be  attri¬ 
buted  to  the  field  due  to  the  primary  source  acting  atone  if  the  actual  dielectric  substrate  is 
replaced  by  an  artificially  lossy  dielectric  with  effective  wave  number  of  k^g  given  by  (6).  The 
radiative  loss  is  accounted  for  in  the  dominant  mode  through  the  introduction  of  the  effective  loss 
tangent,  —  1  /Qun+  1  /Qa-  The  real  part  of  the  wave  number  is  also  modified  by  the  Xun- 
The  excess  capacity  in  the  vicinity  of  the  edge  of  the  patch  results  in  a  larger  average  external 
electric  stored  energy  than  magnetic  stored  energy  so  that  xun  is  a  positive  parameter.  One  can 


introduce  an  estimate  for  this  parameter  into  the  ka  or,  what  amonnts  to  the  same  thing,  one  can 
simply  add  an  “edge  extension"  to  the  overall  size  of  the  cavity.  Whether  or  not  the  same 
replacement  of  k  with  ktB  is  done  for  the  non-resonant  modes  is  of  very  little  importance  since  the 
real  parts  of  their  denominators  never  cancel  as  it  does  for  the  resonant  mode.  This  simple 
prescription  of  replacing  the  actual  dielectric  by  an  effective  dielectric  to  account  for  the  radiative 
loss  was  first  postulated  and  used  by  the  authors  in  earlier  published  work  |i|.  The  simple  but 
rigorous  analysis  considered  above  vindicates  this  particular  aspect  of  the  cavity  model  analysis. 

To  more  completely  evaluate  the  implications  of  the  results  obtained  above  some  bounds  on  the 
remainder  term  in  (8)  should  he  estimated.  This  is  not  within  the  scope  of  the 
present  report  hut  will  he  the  subject  of  another  report. 

In  order  to  use  this  principle,  one  must  obtain  an  estimate  for  the  quality  factor  and  (often 
less  importantly)  an  estimate  for  Xun-  There  is  a  plethora  of  methods  for  estimating  both  of 
these  parameters.  From  the  edge  extension  formula  of  Hammerstad  |^,  one  can  estimate  Xun  A 
simple  "impedance  boundary"  condition  such  as  used  in  will  provide  an  estimate  for  QUN.  A 
more  refined  approach  by  Chang  |  7  ]  also  provides  an  estimate  for  this  parameter. 

One  can  use  a  patch  current  moment  method  formulation  such  as  those  used  by  Deshpande 
and  Bailey  [®]  and  by  Pozar  to  obtain  an  estimate  for  Qun  that  should  be  valid  for  a  larger 
range  of  dielectric  thicknesses  than  for  these  other  more  approximate  methods.  One  of  the  sim¬ 
plest  ways  of  estimating  QyN  (though,  like  the  impedance  boundary  condition  methods,  limited 
to  thin  dielectrics)  is  the  method  used  by  the  authors’  in  [l].  Since  the  main  objective  of  this 
report  is  to  analyte  loaLJ  elements  for  which  more  rigorous  analyses  have 
not  yet  been  implemented,  the  latter  will  be  used  to  obtain  the  resonant  quality 
factors  of  the  loaded  structure  and  the  edge  extension  formula  of  Hammerstad 
will  be  used  to  improve  the  resonant  frequency  estimates. 

For  the  case  of  microstrip  elements  which  have  been  loaded  at  one  or  more  points,  the 
unloaded  cavity  modes  i/’ma(F)  are  no  longer  applicable  to  equation  (8).  Instead,  the  actual 
resonant  mode  of  the  loaded  cavity  must  be  found.  This  is  the  subject  of  the  next  three  sections. 


3.  Cavity  modes  of  loaded  elements. 


A  microstrip  patch  that  has  been  modified  by  placing  lumped  loads  between  the  patch  and 
the  ground  plane  at  one  or  more  points  has  an  altered  internal  modal  field  distribution.  Let  the 
ortbonormal  modes  of  the  unloaded  cavity  be  {y>—}  and  the  normalized  modes  of  the  loaded  cav¬ 
ity  be  In  general,  the  latter  is  not  an  orthogonal  set.  An  application  of  Green's  theorem 

will  show  that  the  modes  of  a  cavity  with  lumped  impedances  of  Zi(k)  attached  at  FL  on  the 
patch  have  inner  products  given  by 


"  ZxSMi) 

The  set  {dm, }  is  only  orthogonal  when  the  load  impedances  are  shorts  or  inductors.  The  simple 
modal  field  expansion  of  equation  (1)  depends,  however,  on  the  orthogonality  of  the  cavity  modes. 
Since  the  central  result  of  section  2  will  be  used  to  analyze  the  loaded  antenna,  it  would  appear 
that  the  analysis  must  be  narrowed  to  these  two  types  of  loads  so  that  the  expansion  of  (1) 
remains  valid.  However,  it  will  be  shown  in  section  5  that  the  Green’s  function  of  the  loaded  cav¬ 
ity  containing  any  type  of  lumped  linear  load  is  of  the  form 


E,(r)=  jufia - -t— - +  f(r,r,k) 


(9) 
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in  the  vicinity  of  the  resonant  frequency  of  the  4>un  mode.  The  resonant  wave  number  of  this 
mode  is  kLUN.  The  function  /  is  a  slowly  varying  function  of  k  in  the  vicinity  of  the  resonant 
frequency  and  a  is  a  constant.  The  same  conclusions  concerning  the  distribution  of  radiation  loss 
in  an  effective  loss  tangent  for  the  dominant  mode  can  be  obtained  using  this  representation  of 
internal  fields  as  were  obtained  using  equation  (1).  Thus  the  scope  of  the  analysis  developed  in 
this  report  extends  to  a  general  class  of  lumped  loads,  the  most  important  members  of  which  are 
shorts,  capacitors,  resonators,  and  other  microstrip  radiators  in  a  series  fed  array. 


Since  the  loaded  cavity  in  general  does  not  correspond  to  a  separable  geometry  regardless  of 
the  separability  of  the  unloaded  cavity,  it  is  inconvenient  to  directly  determine  the  ^M’s.  Instead, 
one  can  represent  the  resonant  loaded  cavity  mode  in  terms  of  a  superposition  of  unloaded  cavity 


modes, 


The  coefficients  in  this  expansion  can  be  found  through  a  simple  circuit  analysis  which  is  justified 
through  an  application  of  Lorentz  reciprocity.  The  simplest  case  of  a  single  short  circuit  load  is 
considered  first. 


4.  Resonant  mode  of  cavity  loaded  by  a  single  short. 

The  method  for  finding  the  resonant  mode  of  the  loaded  cavity  is  developed,  initially,  for  a 
patch  with  a  single  shorting  pin  as  illustrated  in  the  cross  sectional  view  of  Fig.  2a.  To  find  the 
coefficients  in  (10),  one  can  assume  a  unit  total  current  flowing  on  the  short  and  enforce  the  elec¬ 
tric  boundary  condition  at  its  surface.  A  reasonable  assumption  for  the  distribution  of  this  load 
current  is  that  it  flows  uniformly  over  the  surface  of  the  short.  If  one  removes  the  short,  through 
Huy  gen's  principle,  impressing  in  its  place  the  assumed  unit  current  acting  in  a  now  unloaded  cav¬ 
ity,  then,  in  general,  a  voltage  V  is  induced  at  the  load  point  between  the  patch  and  the  ground 
plane.  This  voltage  is  defined  by 


V  = 


-1 


(H) 


shorting  pin  perimeter  Jp«ruaeUr 
The  voltage  V  can  be  thought  of  as  the  driving  point  impedance  of  an  unloaded  cavity.  This 


impedance  will  be  denoted  by  Zu  for  reasons  that  will  become  apparent  in  the  next  section.  The 
modes  that  are  sought  are  z-independent  fields  so  that  enforcement  of  the  electric  boundary  con¬ 
dition  on  the  surface  of  the  shorting  pin  is  well  approximated  by  enforcing  the  condition  that  Zn 
vanish.  Thus,  one  obtains  the  obvious  result  that  the  resonant  frequencies  of  the  loaded  cavity 
are  the  zeros  of  the  driving  point  impedance  Zu  of  the  unloaded  cavity. 


In  the  vicinity  of  an  isolated  mode,  i>uN<  °f  the  ideal  lottlett  unloaded  cavity,  the  driving 
point  impedance  behaves  as  if  it  were  that  of  a  resonant  L-C  tank  circuit  in  series  with  an  induc¬ 
tor  [  l  ).  That  is, 

Z„(ui)  =»  juL,+  JU>L  (12) 

1  -w  LC 

Figure  3a  represents  a  plot  of  the  second  terra  of  this  expression  and  the  negative  of  the  first  term 
vertut  frequency.  The  intersection  between  these  two  curves,  of  course,  marks  the  resonant  fre- 
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quency  of  the  loaded  cavity.  The  parameters  L  and  C  are 

L  =  ) 

*UN 

C  =  l/(eV*2rw(nO  . 

where  c  is  the  speed  of  light  in  a  vacuum  and  7*  is  the  center  coordinate  of  the  feed  point  (that 
is,  where  the  shorting  pin  will  be  placed).  The  feed  inductance  is 


if  =  £ 


,  (/j)2 

k2-kL 


The  7®.  coefficients  are  given  by  (2)  where  the  source  current  density  Jmunt(7)  is  a  unit  current 
flowing  uniformly  over  the  surface  of  the  shorting  piD.  (Of  course,  L\  is  not  exactly  an  inductance 
since  it  clearly  is  not  independent  of  frequency  as  this  equation  shows.  However,  in  the  vicinity  of 
the  isolated  resonant  mode  iiUN<  it  is  very  slowly  varying).  These  expressions  are  obtained  by 
comparing  equation  (12)  to  the  integration  of  equation  (1)  in  (11)  to  obtain  Zn  (where  J^7)  is 
set  to  zero,  of  course).  The  approximation,  I^N  «  V’jwnC'* )  for  low  order  modes  was  used  in  the 
expression  for  C  and  L . 


Since  the  cavity  currently  in  question  is  not  loaded,  it  supports  a  DC  mode.  That  is,  a  con¬ 
stant  source-free  electric  field  can  exist  within  the  unloaded  cavity.  Since,  all  modes  are  orthogo¬ 
nal,  any  resonant  mode  other  than  the  DC  mode  mutt  have  a  nodal  curve.  That  is,  there  must  be 
a  curve  on  the  patch  on  which  the  mode  s  0.  If  the  short  is  to  be  placed  near  a  nodal 

point  on  this  curve,  then  its  corresponding  resonant  inductance  L  in  (12)  becomes  very  small  and 
the  reactance  curve  in  Fig.  3a  becomes  very  sharp  as  illustrated  in  Fig.  3b.  In  this  case,  the  zero 
of  Zu  occurs  essentially  at  the  same  frequency  as  that  of  the  resonant  mode  of  the  unloaded  cav¬ 
ity.  This  is  consistent  with  the  physical  observation  that  near  a  nodal  point,  the  field  is  so  small 
anyway  that  the  short  has  little  loading  effect.  However,  as  the  load  point  is  moved  away  from 
the  nodal  line  to  an  antinode  such  as  an  appropriately  chosen  point  on  the  patch  edge,  then  the  L 
increases  and  the  reactance  curve  "fills  out”  as  in  Fig.  3a.  This  increase  b  slow  at  first  since 
)|2  13  stationary  at  a  node.  //  the  feed  inductance  remains  constant  independent  of  load 
location,  then  the  resonant  frequency  of  the  loaded  element  clearly  increases  as  the  load  is  moved 
from  a  nodal  to  an  antinodal  point.  The  increase,  however,  would  be  less  and  less  as  the  load 


point  approached  the  antinode  since  V’v/vl'* )  13  stationary  at  such  a  point.  Thus,  one  would 
expect  an  initially  accelerating  rise  in  resonant  frequency  as  the  load  point  moves  away  from  the 
node  and  then  a  slowing  and  eventual  saturation  when  the  load  approaches  the  antinode. 

The  conclusions  obtained  in  the  previous  paragraph  were  predicated  upon  the  assumption 
that  the  feed  inductance  dots  not  vary  with  the  location  of  the  shorting  pin.  This,  in  fact,  is  not 
at  all  the  case  as  the  theoretical  and  experimental  evidence  presented  by  Richards,  Zinecker, 
Clark,  and  Long  [ ^demonstrates.  They  found  that  the  feed  reactance  increases  rapidly  as  the 
load  point  approaches  the  edge  of  the  patch.  Thus,  in  the  determination  of  the  zero  of  Zu,  there 
are  two  opposing  tendencies.  The  first  is  the  increased  loading  effect  of  the  short  as  it  moves 
toward  an  edge  (which  is  or  at  least  contains  an  antinode)  due  to  the  increase  in  the  resonant 
inductance  L  as  just  discussed.  The  opposing  tendency  is  the  decreased  loading  effect  of  the  short 
as  it  moves  toward  the  edge  due  to  the  associated  increase  in  feed  inductance.  Thus,  what  one 
actually  calculates  in  finding  the  zero  of  Zn  is  that  the  resonant  frequency  at  first  increases  as  the 
load  is  moved  from  a  nodal  point  toward  the  patch  edge.  However,  as  it  nears  the  edge,  the 
resonant  frequency  begins  to  drop  although  typically  never  back  to  as  low  a  frequency  as  that  of 
the  unloaded  patch. 

The  discussion  above  centers  on  finding  the  resonant  frequency  of  the  loaded  cavity.  The 
considerations  of  section  2  indicate  that  in  order  to  determine  the  resonant  component  of  the 
loaded  patch  antenna  internal  field,  the  real  and  imaginary  parts  of  the  dielectric  wave  number 
must  be  modified  to  account  for  an  external  energy  imbalance  and  the  radiation  loss,  respectively. 
The  respective  measures  for  these  two  parameters  are  \un  and  1/Qun  For  the  unloaded  patch 
antenna,  xmn  is  typically  positive  indicating  a  net  excess  of  external  electric  energy  over  mag¬ 
netic  energy.  For  the  loaded  element,  of  course,  this  energy  balance  is  affected  by  both  the  pri¬ 
mary  impressed  current  and  its  corresponding  reaction  current  induced  on  the  short.  The  net 
result  is  that  is  no  longer  necessarily  positive  and  in  fact  becomes  negative  as  the  short  posi¬ 
tion  nears  the  edge.  Ignoring  the  \us  correction  factor  results  in  an  underestimate  of  the 
resonant  frequency  as  the  load  approaches  the  patch  edge. 


Ad  alternative  to  the  discussion  in  the  last  paragraph  which  is  more  physically  appealing  is 
to  observe  that  the  feed  inductance  of  the  cavity  and  that  of  the  antenna  are  different,  in  fact,  it 
has  been  shown  in  [l^that  the  feed  inductance  of  the  cavity  will  be  somewhat  larger  than  that  of 
the  antenna,  and  considerably  so  near  the  patch  edge.  Use  of  the  correct  antenna  feed  inductance 
to  determine  the  resonant  frequency  of  the  loaded  element  will  yield  a  more  accurate  result  and 
will  obviate  the  need  for  determining  Xun- 

The  predictions  of  the  resonant  frequency  of  an  antenna  element  with  a 
shorting  pin  including  the  predicted  effects  of  neglecting  the  correction 
factor  are  corroborated  by  the  computed  and  measured  results  presented  in  section  8 

Once  the  resonant  frequency  or,  the  resonant  wave  number  is  obtained,  the  distribu¬ 

tion  of  the  resonant  mode,  4>un>  can  be  found.  For  a  cavity  with  a  single  shorting  pin,  the  loaded 
cavity  resonant  mode  must  be 

:y  • 
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This,  of  course,  is  the  electric  field  due  to  the  assumed  unit  load  current.  A  normalized  expres¬ 
sion  for  the  resonant  mode  is 
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The  results  obtained  in  this  section  for  a  single  short  can  be  easily  generalized  to  the  case  of 
a  cavity  with  several  shorts  or  other  types  of  lumped  loads.  This  is  considered  in  the  next  sec- 


5.  Resonant  mode  of  the  general  loaded  cavity. 

For  a  cavity  loaded  with  two  or  more  shorts  such  as  the  one  illustrated  in  Fig.  2b,  one  can 
use  Lorentz  reciprocity  to  establish  the  corresponding  circuital  equations  from  which  the  resonant 
frequency  is  obtained.  One  can  assume  that  a  unit  current  flows  on  short  number  one.  An  appli¬ 


cation  of  the  Lorentz  reciprocity  integral  between  the  fields  in  Fig.  2c  and  2d,  and  between  those 


of  Fig.  2c  and  2e,  respectively  lead  to  the  circuit  equations, 


Z,a  =  ^11  +  %  12^L 

(14) 

0  =  Z 12  +  Z22/l 

where  Zm  is  the  voltage  (calculated  through  the  definition  in  equation  (11))  due  to  the  unit 
impressed  current  in  Fig.  2c,  and  /L  is  the  corresponding  total  current  induced  on  the  shorting 
pin.  The  Z u,  ZJ2  =  Z2 i,  and  Z22  are  the  open  circuit  parameters  of  the  two  port  unloaded  cav¬ 
ity.  The  parameters  Zu  and  Z22  are  obtained  from  (12).  The  Z12  is  given  by 


Z12  =  -juntY, 
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where  [°lK  and  I^n  are  given  by  equation  (2)  with  Aoom(T)  taken  respectively  to  be  the  unit 
current  distributions  over  the  first  and  second  shorting  pins. 


It  is  useful  to  note  at  this  point  that  the  definition  used  in  (11)  for  the  voltage  is  not  as  arbi¬ 
trary  as  one  might  first  suspect.  Some  flexibility  is  afforded  in  the  definition  of  the  voltage  in  the 
consideration  of  a  cavity  with  a  single  short.  For  example,  one  could  define  the  voltage  as  the 
-tE,(Z)  where  ?  is  the  coordinate  of  the  center  line  of  the  source  current  distribution.  However, 
the  assumption  of  uniformly  distributed  currents  on  the  loads  and  the  application  of  Lorentz 
reciprocity  to  reduce  field  quantities  to  circuit  quantities  lead  one  naturally  to  define  the  voltage 
by  equation  (11).  Since  the  source  currents  are  assumed  to  be  uniform,  the  computation  of  /°, 
for  a  unit  current  can  be  though  of  as  averaging  the  mn,k  mode  over  the  source  distribution. 
Computation  of  the  corresponding  voltage  through  (11)  requires  one  more  such  average  so  that  all 
of  the  impedance  parameters  can  be  thought  of  as  arising  from  a  "double  averaging"  of  the  cavity 
Green’s  function. 


The  resonance  condition  for  the  two-short  cavity  is  that  the  impedance,  Zu,  in  equation  (14) 
be  zero.  This  requires,  of  course,  that  the  determinant  of  the  open  circuit  parameter  matrix  van¬ 
ish  since  in  general,  the  load  current  IL  is  not  zero. 

More  generally,  for  the  case  of  a  cavity  with  N  lumped  impedances,  Z,,  Z2,  ....  ZN,  the 


resonance  condition  is 


where  the  matrix  Z  is 
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With  the  current  in  load  one  assumed  to  be  unity,  the  currents  in  toads  two  through  N,  /L2j  ..., 
A,jv>  are 
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where 
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and 


Zu  is  the  matrix  obtained  from  Z  by  removing  its  first  row  and  column.  Letting 


»«.  *  C+  . 

1=2 


the  normalized  resonant  mode  is  given  by  equation  (13)  with  replaced  by  where  1^,  is 
defined  analogously  to  for  a  u nit  current  distribution  over  the  /*k  load. 


The  results  obtained  here  pertain  to  a  general  lumped  linear  load  although  as  noted  in  sec¬ 
tion  3,  the  associated  set  of  resonant  loaded  cavity  modes  are  not  necessarily  orthogonal.  How¬ 
ever,  a  representation  of  the  field  due  to  a  unit  filamentary  source  acting  in  the  loaded  cavity 
which  is  similar  to  that  in  (1)  can  be  derived.  Consider  for  simplicity  the  case  of  a  cavity  with  a 
single  lumped  load  of  impedance,  Z\.  Then  the  load  current  induced  by  a  unit  filamentary  source 
located  at  f  is 

/  —  —hi— 

L  Zu+  Z, 

where  here  port  2  is  taken  to  be  the  driven  port.  Since  the  exciting  current  is  a  unit  filament, 


(15) 
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Zl2  =  -jwnt'E  -V'rnJ'*)  • 
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The  denominator  of  (15)  has  a  zero  at  k  =  kLUN.  (Assume  that  this  a  simple  zero.  For  the  case 
of  a  purely  reactive  load,  it  is  easy  to  see  through  Fig.  3a  that  this  mutt  be  a  simple  zero  since  the 
slope  of  the  reactance  function  must  be  positive  for  lossless  passive  networks).  Expanding  about 
this  zero, 


^n(^)  +  ^i(k)  =  \Zn'{kUN)  +  Zi'(tv/v)l(*  -  *un) 
+  ^[Zn'(kus)  +  Zi"(kUN)\(k  -  kUN)2  +  • 
where  the  ”  represents  differentiation  with  respect  to  k.  Similarly, 

/ii 


(16) 


Z 12  = 


kLMN~^ma  +  ~  *LUn) 


—  )|j]  ^  m" 


'  {^LUN 


l _ f 

■«.»*] 


(17) 


+  (fc2-*Lvw)i-yw^S‘ 


,01 


rV'-.f'*  )1  + 


{kirns-  *»)2 

Substituting  (16)  and  (17)  into  (15),  one  arrives  at  the  conclusion  that 

.  ,v 

A,  =  a  —  +  i(r  . k ) . 


V-t2 


Ltf/V 


where  a  is  a  constant  independent  of  7‘  and  k,  and  giT*  ,k)  —  0(1)  as  k~*ku w-  Furthermore, 
the  electric  field  at  observation  point  7  is 


- +  I^iLj  £  IT* ~(r)  ’ 


(18) 


where  the  first  term  of  (18)  is  the  field  due  to  the  primary  source  filament  and  the  second  term  is 
the  field  due  to  the  load  current.  The  first  term  is  a  slowly  varying  function  of  k  in  the  vicinity 
of  the  loaded  cavity  resonance,  kLUN.  The  second  term  can  be  written  in  the  same  form  as  (17) 
so  that  the  Green's  function  for  the  loaded  cavity  takes  the  form  of  equation  (9). 


Now  that  the  loaded  cavity  resonant  frequency  and  mode  has  been  obtained,  the  next  step 
is  to  estimate  the  quality  factor  Q  for  the  associated  antenna  so  that  the  result  of  section  2  can 
be  applied.  This  is  considered  next. 


8.  Quc'lty  factor  and  feed  reaetanee  of  loaded  antenna. 


The  quality  factor  of  the  loaded  element  is  obtained  using  the  approximate  method 
described  in  |l).  Briefly,  the  approach  is  based  on  (1)  the  fact  that  the  quality  factor  depends  on 
the  shape  of  the  internal  field  distribution  and  not  its  amplitude;  and  (2)  that  the  quality  factor  is 
primarily  influenced  by  the  resonant  modal  field  distribution,  dus>  since  it  dominates  all  other 
terms.  Thus,  to  compute  Q,  one  need  not  know  the  exact  coefficient  of  d>uN  in  a  modal  expan¬ 
sion,  but  only  the  shape  of  $mn- 

A  magnetic  current  distributed  as  fy y  on  the  patch  edge  is  impressed  on  an  infinite  ground 
plane  and  the  power  radiated  by  it  is  computed.  Several  approximations  are  made  in  this  process 
such  as  neglecting  the  presence  of  the  dielectric  substrate  and  the  redistribution  of  the  radiating 
magnetic  current  on  a  flat  ground  plane  rather  than  on  the  sides  of  a  conducting  "mesa”  called 
for  by  Huygen’s  principle.  These  approximations  are  sound  for  thin  elements,  but  they  can  be 
removed  at  the  price  of  slight  to  major  additional  computational  efforts  depending  on  the  desired 


Since  it  is  quite  possible  that  no  one  of  the  cavity  modes  i'aaa  will  dominate  in  the  series 
(13)  for  4>un,  the  latter  is  computed  along  the  edge  of  the  patch  at  discrete  sample  points  only. 
The  magnetic  current  between  samples  is  obtained  through  linear  interpolation  and  the  result  is 
used  to  compute  the  far  Geld  and  radiated  power. 

The  time  average  internal  stored  electric  energy  required  to  compute  Q  is  simply  obtained 
from  the  formula. 


July,  -  AkiSli . 

This  expression  is  very  simple  because  the  resonant  mode  duN  >°  (13)  “  normalized. 

Once  the  antenna  quality  factor  has  been  estimated  and  the  effective  wave  number  com¬ 
puted,  the  interna]  fields  of  the  loaded  cavity  can  be  written  as 

- li  Ti - +  jX '  • 

**  -  **/v 

where  Xf  is  the  feed  reactance  of  the  loaded  cavity.  Since  this  parameter  has  little  to  do  with 
radiative  properties  of  the  element,  it  can  be  computed  as  the  driving  point  impedance  of  the 


ideal  lossless  cavity  at  the  resonant  frequency  of  4UN. 

All  of  the  expressions  discussed  above  require  the  summation  of  series  over  all  the  modes  of 
the  unloaded  cavity.  These  series  are  typically  very  slowly  converging.  Thus,  an  efficient  method 
of  summing  them  is  important  in  order  to  implement  the  analysis  discussed  above.  Techniques  of 
efficient  summation  of  these  series  is  the  topic  of  the  next  section. 

7.  Efficient  summation  of  series. 

Consider  first  the  case  of  a  rectangular  microstrip  antenna  of  dimensions  a  by  b.  The 
Green's  function  for  the  corresponding  unloaded  cavity  is 

C(r|n-Jt,S*“jp*'7(T‘)  (i») 

*  *m» 

The  Green's  function  is  first  accelerated  and  then  the  "double  averaging"  of  the  result  discussed 
in  section  6  is  applied  to  find  the  necessary  fields.  The  authors  have  used  several  different 
methods  of  efficiently  accelerating  the  series.  Only  the  latest  method  used  which  is  the  simplest 
to  follow  is  discussed  below. 

The  expression  in  (19)  is  a  spectral  representation  of  the  Green’s  function.  Its  corresponding 
spatial  representation  is  obtained  by  accumulating  the  fields  due  to  the  primary  source  and  all  of 
its  multiple  images  acting  in  a  uniform  parallel  plate  waveguide.  This  representation  is 

G(?\r)  =  -^£{H42)l*((*-z'-2ma)2  +  (»-»' -2n6  )*)*'*] 

+  H42)1*((x+  z'-2ma)2  +  (y-y‘ -2nbf)l/7\  (20) 

+  H<S2,[*((z-z'-2ma)2  +  (y+  y‘  -2n4)2)1^2) 

+  H^2,[k((z  +  z'-2mo)2  +  [y+  y'-2nk)2)1/2]} 

The  summation  indices  in  (20)  range  over  all  pairs  of  integers,  m,  n,  both  positive  and  negative 
while  only  positive  pairs  are  used  in  the  spectral  sum  (and  expressions  to  be  derived  from  it  later) 
in  (19).  The  Hi2),s  in  (20)  are  the  Hankei  functions  of  the  second  kind.  The  series  in  (20)  con* 
verges  even  more  slowly  than  its  counterpart  in  (19).  However,  if  one  replaces  “k"  in  both  of 
these  expressions  by  u"  where  u  is  some  real  positive  parameter,  then  the  following  identity  is 


obtained: 


(21a) 


u2+  kL 


—  •^'S{K0(«((*-*,-2 maf  +  (y-y1 -2nbf)i/2]  +  ■  •  •  }  , 


where  the  K’s  are  the  modified  Bessel  functions  of  the  second  kind.  While  (20)  converges  very 

slowly,  the  right-hand  side  of  (21a)  converges  very  rapidly  if  u  is  chosen 
sufficiently  large.  Differentiation  of  both  sides  of  (20)  with  respect  to  u 
yields  a  second  identity, 


(“2  +  O2 


=  ~^C{((z_I,~2ma)2  +  (i/-l/'-2n4)2)1/2Ki[u((i-z'-2ma)2  +  (p-y'-2n6)2)1/2]  (21l>) 


} 


These  identities  suggest  the  following  acceleration  scheme. 

The  sum  in  (19)  can  be  thought  of  as  a  sum  over  a  “reciprocal  lattice."  The  vectors  drawn 
from  the  origin  to  the  points  in  the  lattice  illustrated  in  Fig.  4  represent  the  resonant  wave  vec¬ 
tors  of  the  cavity.  Their  magnitudes  are  the  resonant  wave  numbers  of  the  cavity.  Typically,  one 
is  only  interested  in  operating  an  element  somewhere  in  the  frequency  range  of  the  lowest  few 
resonant  modes.  Suppose  /„,  is  the  maximum  frequency  of  interest  in  the  analysis  of  a  given 
element.  Let  kmtx  be  its  corresponding  dielectric  substrate  wave  number.  Then  the  coefficients  in 
the  spectral  series  above, 

1  1 


k2-kL 


2  2 
*  -  KL* 


(22) 


can  be  expanded  in  a  series  of  Tchebyshev  polynomials  |llj  in  the  normalized  parameter, 
z  =  f(»c/»cm,)  for  Km,  >  £k,  where  £  is  a  real  number  larger  than  one,  >c2  4*  +  u2,  and 


+  u2.  This  expansion  is  given  by 


J^D5-S«4C+  tt2-l),/2r2,T*,(z) . 


(23) 


*2-^.  (e-i)i/2,u 

where  c,  *  2  for  »  jL  0  and  <0  —  1,  and  T2l(z)  is  the  2s-degree  Tchebyshev  polynomial.  The 
parameter  £  establishes  a  boundary  between  two  regions  within  the  reciprocal  lattice  illustrated  in 
Fig.  4.  For  the  inner  region,  I,  the  factor  in  (22)  is  computed  directly,  while  over  region  II  an 
appropriate  truncation  of  the  series  in  (23)  is  used.  The  radius  of  this  boundary  is 


kb  =  £{*£„  +  ((^-lj/^u2}1/2.  ^  the  parameter  (  is  chosen  to  be  “2"  and  the  series  in  (23)  is 
truncated  to  two  terms,  one  obtains  the  approximation 

TT-TT-  «  —T-i0.989  +  1.Z3HK/K")2) 

* ~*m. 

with  a  maximum  error  of  about  one  percent.  Thus,  the  Green's  function  for  an  unloaded  cavity 
can  be  approximated  by  the  spectral  series, 


G(rfr')  SS 

I 


-  ;irj|0.989t/0(?|r*)  +  1.331  Ux(?  \  7*  )**)  , 


where 


L,(r|r')=£ - — - ,  1  =  0,1.  (25) 

U  Kmm 

The  “I"  and  the  “II”  under  the  summation  symbols  in  these  expressions  indicate  the  respective 

regions  in  the  reciprocal  lattice  over  which  the  sums  arc  to  be  performed. 

The  approximation  of  G(?|f* )  in  (24)  represents  a  considerable  improvement  over  a  “brute 
force"  summation  of  the  Green's  function  since  it  amounts  to  a  “wide  band  approximation.” 
However,  the  series  for  t/o(K )  r* )  and  t/i(F|7^)  in  (25)  are  still  very  slowly  converging  series  and 
acceleration  is  also  sought  for  them.  It  is  not  particularly  simple  to  accelerate  these  series  when 
summed  over  region  II.  However,  the  C/’s  can  be  written  as 


i> m.(r*  ) 


The  last  term  of  (26)  is  a  Gnite  sum  which  can  be  summed  once  for  all  frequencies.  The  Grst  term 
can  be  transformed  to  a  rapidly  converging  spatial  sum  through  the  identities  in  (21)  The  choice 


2min{a,4) 

yields  a  compromise  which  allows  both  the  spectral  and  spatial  sums  to  converge  rapidly. 
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Id  order  to  find  the  normalization  factor  for  the  resonant  mode,  the  series 


w(?\r)=  £ 


ik'-kLf 

is  first  accelerated.  Using  a  similar  procedure  to  that  applied  for  G(?|  r*)  above,  W  is  found  to 
be 


w(r\r) 


i  (k2-kL)2 


+  |0.962l/i(?|  r')+  3.08t/2(f'|?,)<cJj  , 

where  U2  is  also  given  by  (25).  This  function  can  be  accelerated  as  t/0  and  l/,  or  can  simply  be 
summed  directly  since  it  already  has  rapid  convergence. 


Having  computed  the  required  Green's  functions,  all  that  remains  to  find  the  impedance 
parameters  is  to  apply  the  “double-averaging”  over  the  source  distributions.  Let 
«/(?!  r*)»12  denote 


in*.*.- 

where  P,  is  the  perimeter  of  the  »‘b  load.  Since  the  loads  are  typically  small,  «/(rr|r*)»1j 
/(Til^j).  On  the  other  hand,  the  approximation  « G(F|r* )»u  «  G(Fj  |Ft)  is  clearly 
nonsense  since  G(r*|  71)  is  singular  at  the  source  point.  However,  Gcan  be  written  as 


G(F|r*)-  G0(r,|i«)+  jkrfi.lSWa \7  -  71  |  ,  (27) 

where  G0  has  no  singularities.  The  last  term  of  (27)  arises  from  the  singular  part  of  the  field  due 

to  primary  source  in  the  spatial  sum  in  (21).  Thus, 

Z\\  -  -t«G(7  |r*)»u 

“  -t  G0(F,  |?,)  -  jt»jl0.159«ln  1 7  -  7*  j  »,,  . 

For  the  case  of  a  circularly  cylindrical  load  (or  feed  current  distribution)  with  diameter,  d,  the 
average  of  the  logarithm  term  is  ln(d/2). 

If  the  feed  distribution  were  assumed  to  be  a  uniformly  distributed  current  on  a  thin  strip, 
then  the  corresponding  average  of  the  logarithm  is  In  w  -  3/2,  where  w  is  the  width  of  the  strip. 
If  one  wished  to  model  a  circular  distribution  by  a  strip  distribution  as  has  been  done  at  times  in 


other  papers  [1^12]  then  the  appropriate  equivalent  or  “effective  feed  width”  is  obtained  by  equat¬ 
ing  these  two  averages.  This  leads  to  the  result  that  u;  should  be  chosen  as  2.2 id.  The  fact  that 
the  authors  of  these  papers  have  noted  that  a  somewhat  larger  feed  width  yields  better  agreement 
with  measurements  is  a  reflection  of  the  fact  that  the  cavity  model  overestimates  the  feed  indue* 
tance  because  it  neglects  the  equivalent  electric  currents  on  the  magnetic  wails.  Choosing  an 
artificially  wide  feed  gives  a  compensatory  reduction  in  the  feed  inductance,  but  has  no  real 
rigorous  basis. 

To  find  the  normalization  constant,  one  notes  that  the  denominator  in  equation  (13)  can  be 
written  as  the  square  root  of  «  W(T\ 71  )»n  since  W  is  non-singular.  The 

approximations  used  in  computing  these  averages  have  been  very  carefully  tested  against  more 
rigorous  numerical  averages  and  have  been  found  to  be  quite  accurate. 

The  case  of  other  elements  with  a  separable  geometry  can  be  handled  in  other  ways.  The 
authors  have,  in  fact,  used  similar  methods  to  accelerate  the  series  associated  with  circular,  circu¬ 
lar  sector,  annular,  and  annular  sector  elements. 
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8.  Experimental  and  Theoretical  Results  and  Conclusions. 

The  driving  point  impedances  of  a  rectangular  patch  element  shorted  at  a 
variety  of  points  was  measured  and  computed  using  the  method  described  above. 

The  element  had  dimensions  of  7.62  X  11.43  X  0.152  cm  and  was  etched  from  a 
sample  of  3M  CuClad  250  printed  circuit  board  (glass  reinforced  PTFE  with  a 
manufacturer  quoted  relative  dielectric  constant  of  2.43).  In  all  the  measurements 
(except  the  one  noted  later),  the  element  was  fed  with  a  coaxial  SMA  connector 
placed  at  (2 . 54 , 1 . 27) cm.  (The  reference  axes  have  an  x-axis  at  a  long  edge  of 
the  patch  and  the  v-axis  along  a  short  edge).  The  measurements  were  made  at  the 
University  of  Houston  using  an  automated  Hewlett-Packard,  HP  8410B  network 
analyzer  controlled  with  an  Hi’  9816S  microcomputer.  The  analysis  method  used  to 
produce  the  theoretical  results  was  also  implemented  on  the  HP  9816S  using  the  HP 
BASIC  2.0  language. 

A  short  was  placed,  in  turn,  at  (x',y')  =  (5.72,0.76n)  cm  for  n  =  0,  1,  2,  3,  4,  6,  7, 

8,  9,  and  10.  The  Smith  chart  plots  of  the  measured  impedances  corresponding  to 
each  of  these  short  locations  are  shown  in  Fig's.  5(a-e)  for  n  =  0  through  4  and  Fig's. 
6(a-e)  for  n  =  6  through  7.  Superimposed  on  these  plots  are  the  corresponding 
computed  impedances  at  discrete  frequencies.  For  both  the  computed  and 
measured  results,  the  frequency  interval  between  each  marker  on  the  plots  is  5 
MHz. 

Figure  7  represents  a  plot  of  both  the  theoretically  computed  and  actually 
measured  resonant  frequencies  for  the  patch  corresponding  to  each  of  the  ten  short 
locations  above.  The  horizontal  axis  is  the  normalized  shorting  pin  location  given 
by  (3.81  cm  -  y')/(3.81  cm).  (Note  that  y  =  3.81  cm  is  a  center  line  of  the  patch 
which  is  also  a  nodal  line  of  the  unloaded  cavity  mode  that  resonates  in  the 
frequency  range  in  which  the  measurements  were  made). 
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It  is  quite  clear  that  the  theory  used  to  predict  these  results  is  well 
corroborated  by  the  measurements.  The  worst  discrepency  Detween  theory  and 
experiment  occurs  (not  surprisingly)  for  shorts  near  the  patch  edge.  The  agreement 
between  predicted  and  measured  resonant  frequencies  was  also  quite  good.  (It  is 
noted  again  that  the  "Hammerstad  edge  correction"  was  used  to  help  account  for 
the  fringing  at  the  patch  edge.  Furthermo  s,  the  manufacturer's  quoted  dielectric 
constant  was  used  in  the  theoretical  computations  .)  One  notes  that  the  theoretical 
resonant  frequency  is  consistently  above  the  observed  frequency  (though  not  by 
much)  for  all  short  locations  except  on  the  edge  of  the  patch.  There,  the  theory 
actually  underestimates  the  resonant  frequency.  This  is  because  the  cavity  model 
overestimates  the  "feed  inductance"  at  points  close  to  the  edge  as  explained  in 
Section  4. 

Figure  8  shows  the  computed  magnetic  current  distributions  for  a  patch 
shorted  on  the  edge  and  for  one  shorted  somewhat  away  from  the  edge.  The 
magnetic  current  distribution  of  the  loaded  cavity  mode  being  considered  shows  the 
expected  dip  for  observation  points  closest  to  the  short.  One  can  see  from  these 
distributions  why  the  patterns  remain  relatively  stable  ,?.  as  the  location  of  the 
short  is  moved  from  the  edge  toward  the  center  of  the  patch.  Figure  9(a)  shows 
the  magnetic  current  distribution  associated  with  the  resonant  mode  of  a  patch 
shored  near  a  corner.  Note  that  the  magnetic  current  on  one  entire  edge  is 
strongly  suppressed  by  a  single  short.  To  check  the  accuracy  of  this  current 
distribution,  the  input  impedance  was  measured  at  (2.54,1.27)  cm  and  is  shown  in 
Fig.  9(b)  along  with  the  theoretical  impedance.  The  feed  was  moved  to  the 
symmetrical  location  in  the  opposite  corner,  (8.89,6.35)  cm,  and  the  impedance  was 
again  measured  and  computed.  These  results  are  shown  in  Fig.  9(b).  Again,  the 
predicted  and  measured  results  agree  rather  closely  thus  lending  support  to  the 
validity  of  the  predicted  modal  field  variation. 
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9.  (a)  The  computed  magnetic  current  distribution  around  the  edge  of  a 

rectangular  patch  element  with  a  single  short  placed  near  a  corner  of 
the  patch,  (b)  The  corresponding  input  impedance  when  the  patch  is 
fed  at  (2.54,1.27)  cm  (near  lower  left  corner),  (c)  The  impedance 
when  fed  at  (8.89,  6.35)  cm  (near  upper  right  corner). 


ABSTRACT — Single  element  microstrip  antennas  for  dual  frequency  operation  have 
been  investigated.  By  placing  shorting  pins  at  appropriate  locations  in  the 
patch,  the  ratio  of  two  band  frequencies  can  be  varied  from  3  to  1.8.  In  many 
applications  a  smaller  ratio  is  desired,  and  this  can  be  achieved  by  introducing 
slots  in  the  patch.  In  so  doing,  the  ratio  can  be  reduced  to  less  than  1.3. 

For  this  type  of  antenna,  a  hybrid  multiport  theory  is  developed  and  theoretical 
results  are  found  to  be  in  excellent  agreement  with  the  measured. 

I.  INTRODUCTION 

One  of  the  outstanding  features  of  a  thin  microstrip  antenna  is  its  com¬ 
pactness  in  structure.  Unfortunately  it  is  notoriously  narrow-banded  unless 
some  degree  of  compactness  can  be  sacrificed  by  using  a  thick  substrate.  In 
many  applications,  it  is  not  operation  in  a  continuous  wide-band ,  but,  operation 
in  two  or  more  discrete  bands  that  is  required.  In  this  case,  a  thin  patch 
capable  of  operating  in  multiple  bands  is  highly  desirable,  particularly  for 
large  array  application  where  considerable  saving  in  space,  weight,  material  and 
cost  can  be  achieved.  For  that  goal,  a  few  attempts  have  been  made  [1,2],  by 
using  two  or  more  patch  antennas  stacked  on  top  of  each  other,  or  placed  side  by 
side,  or  using  a  complex  matching  network  which  takes  as  much  space  and  weight, 
if  not  more,  as  the  element  itself.  Obviously  in  all  those  designs,  the  advan¬ 
tage  of  compact  structure  is  sacrificed. 
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From  the  cavity-model  theory,  a  single  patch  antenna  can  easily  be  made  to 
resonate  at  many  frequencies  associated  with  various  modes.  But  for  most  appli¬ 
cations,  all  bands  are  required  to  have  the  same  polarization,  radiation  pat¬ 
tern  and  input  impedance  characteristics.  It  is  also  desirable  to  have  a  single 
input  port  and  an  arbitrary  separation  of  the  frequency  bands.  All  of  these 
impose  severe  constraints  on  the  use  of  the  modes.  In  this  paper  we  shall 
describe  some  methods  which  can  practically  achieve  all  these  goals. 

An  annular  patch  can  have  predominantly  broadside  radiation  when  excited 
for  the  (1,1),  (1,2)  and  even  the  (1,3)  mode.  Unlike  a  circular  disc,  the  fre¬ 
quencies  for  those  modes  can  be  adjusted  by  choosing  the  inner  and  outer  radius 
dimensions.  All  the  aforestated  properties  can  be  obtained  except  that  the 
variation  of  the  two  frequency  band  ratio  is  somewhat  limited  [3]. 

By  making  use  of  the  difference  in  the  field  distributions  for  various 
modes,  it  is  possible  to  practically  tune  the  operating  frequencies  associated 
with  those  modes  independent  of  each  other.  One  method  is  to  place  a  series  of 
shorting  pins  at  the  nodal  lines  of,  for  example,  the  (0,3)  modal  electrical 
field  of  a  rectangular  patch  [3].  These  pins  will  have  practically  no  effect  on 
the  (0,3)  modal  field  structure  but  can  have  a  strong  effect  on  the  (0,1)  field 
and  thus  raise  the  (0,1)  modal  frequency.  Therefore  the  low  band  frequency  can 
be  tuned  independently.  However,  the  ratio  of  the  two  operating  frequencies, 
Fh/Fl,  can  be  varied  only  from  3  to  2  approximately.  On  the  other  hand,  if 
slots  are  cut  in  the  patch  where  the  magnetic  field  of  the  (0,3)  mode  is  maxi¬ 
mum,  they  can  have  a  strong  effect  on  the  (0,3)  modal  field  but  little  on  the 
(0,1)  modal  field.  Thus  the  operating  frequency  for  the  (0,3)  mode  can  be 
lowered.  By  using  both  slots  and  pins,  the  two  operating  bands  can  be  varied 
over  a  wide  range.  In  this  paper  an  analytic  theory  is  developed  for  this  type 
of  antenna  and  then  verified  by  experiment. 


II.  A  MICROSTRIP  ANTENNA  EXCITED  BY  A  MAGNETIC  CURRENT  K 


First  consider  a  microstrip  antenna  excited  by  a  magnetic  current  K  in  the 

slot  centered  at  (*2^2^  as  shown  in  Figure  1.  Following  the  cavity  model 

theory  [4],  the  antenna  can  be  considered  as  a  cavity  bounded  by  magnetic  walls 

along  its  perimeter  and  electric  walls  at  z  =  0  and  t.  Since  the  substrate 

thickness  t  is  typically  a  few  hundredths  of  a  wavelength,  we  can  assume  that 

the  field  excited  by  the  magnetic  current 

K  =  x[U(x  -  x'  +  d  f<-/ 2)  -  U(x  -  x'  -  d  ef/ 2)]  6(y  -  y')  6(z  -  t) 

~  ett  ett 


in  the  slot  is  approximately  the  same  as  that  excited  by 

K.  =  x[U(x  -  x'  +  A  H)  “  U(x  -  x'  -  d^j/2)]  S(y  -  y')  [U(z)  -  U(z  -  t))/t 


where  de^  is  the  effective  width  of  ^he  magnetic  current  strip  of  one  V/M,  and 
U(0  is  the  unit  step  function.  The  field  in  the  cavity  due  to  K  can  then  be 
found  by  modal-matching  as  given  below: 
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In  region  II  (0  <  y  <  y') 
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where  a  and  b  are  the  dimensions  of  the  patch  along  the  x  and  y  axes. 
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number,  =  relative  dielectric  constant  of  the  substrate,  6  ^  =  effective 
loss  tangent  [5],  y  =  permeability  of  free  space,  j  (x)  =  sin(x)/x,  and 


dgjj  =  "effective  width"  of  the  magnetic  current  strip  of  one  V/M.  The 


concept  of  effective  feed  width  and  its  implication  are  discussed  in  [5]. 


Examination  of  Equations  (1)  and  (2)  indicates  that  the  resonance  occurs  when 


2  2  1/2 

Re(3mb)  °*  mr,  n  =  1,2,...,  or  Re(k)  =>  [(mff/a)  +  (nir/b)  ]  since  5^  <<  1. 


We  shall  denote  the  value  8  for  the  particular  value  of  n  as  8  ,  and  its  asso- 

ciated  field  is  called  the  mnth  mode.  Clearly  in  the  neighborhood  of  this  reso¬ 
nance  the  field  will  be  dominated  by  the  term  associated  with  8  ,  the  value  of 
which  depends  on  the  feed  location  (xjjj)  in  Fig.  1.  Following  the  cavity 
model  theory,  once  the  field  distribution  is  found,  the  Huygen  source, 

K(x,y)  =  n  x  z  E(x,y),  along  the  perimeter  can  be  determined.  From  K,  the  far 
field  can  then  be  computed  as  given  below: 
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Also,  from  the  field  in  the  cavity,  the  ohmic  and  dielectric  losses  as  well  as 
the  stored  energy  can  be  computed  and  finally  the  effective  loss  tangent  can  be 
determined . 


III.  MULTI-PORT  ANALYSIS 

Let  us  consider  a  rectangular  microstrip  antenna  with  two  ports:  port  l 
at  (xj.yj)  is  fed  with  an  electric  current  Jp  and  port  2  at  (x^.y^)  is  fed  with 
a  magnetic  current  K ^  as  shown  in  Fig.  1.  The  following  hybrid  matrix  [6]  can 
then  be  used  to  describe  the  relationship  between  the  voltage  and  current  at 


these  ports: 
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parameters  are  given  below: 
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From  Equations  (8)  -  (11)  all  the  Z-parameters  can  thus  be  determined  by  the 
relationship  between  h  and  Z  parameters.  Then,  the  input  impedance  at  port  1 
Z^n,  can  be  computed: 

Zin  =  Z11  ~  Z12/(Z22  +  ZL^  (12 

where  Z^  is  the  load  impedance  across  the  slot  terminals  at  (x2»y2)*  The  far 
field  electric  vector  potential,  F,  for  the  two  sources  can  be  obtained  by 
superposition  as  given  below: 


F  =  Fl  +  PF2 
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From  these  and  equation  (3),  the  far  field  is  readily  computed.  The  analysis 
can  be  generalized  for  N  slots  in  a  straightforward  manner. 

A  similar  theory  has  been  developed  for  a  microstrip  antenna  with  shorting 
pins  [3].  For  N  pins  at  N  ports,  the  impedance  parameters  Z^  and  Z^j  are  given 
by 
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where  q  =  377  ohms,  e  =*  1  for  ra  =  0,  and  2  otherwise,  (x. ,y.)  and  (x.,y.)  are 
o  om  a  i-  J  J 

the  coordinates  of  the  source  J  and  shorting  pin,  respectively.  For  a  general 


V 


case,  when  the  N  ports  consist  of  both  slots  and  pins  as  shown  in  Fig.  4,  the 

currents  and  voltages  at  the  N  ports  can  also  be  written  as  follow 

l  I.  ZL-  =  Vi  ,  i,j  =  1.....N  .  (19) 

j  J  J 

since  the  solutions  to  E  and  H  everywhere  in  the  patch  for  any  J  and  K  have  been 
obtained,  one  can  therefore  compute  the  input  impedance  Z^n  at  any  port,  using 
the  same  method  as  discussed  above. 

IV.  THEORETICAL  AND  EXPERIMENTAL  RESULTS 
Our  approach  to  the  dual-frequency  microstrip  antenna,  as  stated  earlier, 
is  based  on  the  theoretical  argument  that  shorting  pins  and  slots  if  placed  at 
appropriate  locations  in  the  patch  can  raise  the  (0,1)  and  lower  the  (0,3) 
operating  frequencies,  respectively.  In  general,  with  pins  and  slots,  the  modal 
field  is  no  longer  pure.  The  existence  of  a  substantial  amount  of  higher  order 
modes  will  modify  the  antenna  overall  resonant  frequency  which,  as  defined  in 
[3],  occurs  when  the  reflection  coefficient  |r|  reaches  a  minimum. 

Several  antennas  have  been  constructed  and  tested  to  determine  the  validity 

of  the  theory.  All  of  them  were  made  of  double  copper-cladd  laminate  Rexolite 
2200,  1/16"  thick.  The  relative  permittivity  »  2.62,  the  loss  tangent 
6  «■  0.001,  and  the  copper  cladding  conductivity  »  270  KMhqfn.  These  values  were 
used  for  theoretical  computations. 

One  of  the  rectangular  microstrip  antennas,  having  the  dimensions 
a  =  19.4  cm  and  b  =  14.6  cm,  is  fed  with  a  miniature  cable  at  =  9.7  cm  and 

yj  =  0  as  shown  in  Figure  1.  A  slot  of  length  i  =  3.0  cm  and  width  w  =  0.13  cm 

is  cut  at  x 2  =  9.7  cm  and  y2  =  7.3  cm  on  the  patch.  The  feed  location  was  cho¬ 
sen  for  a  good  match  to  the  50  ft  line  for  both  F  and  F  bands.  The  calculated 
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and  measured  input  impedance  loci  for  both  bands  are  shown  in  Figure  2a  and  2b, 
where  for  comparison  the  corresponding  loci  without  slot  are  also  shown  by  the 
dashed  curves.  The  calculated  and  measured  radiation  patterns  are  shown  in 
Figure  2c.  Similar  results  for  slot  length  i  =  4.5  cm  are  shown  in  Figure  3a 
and  3b.  It  is  seen  that  the  agreement  between  theoretical  and  measured 
results  is  excellent  for  both  bands  and  that  the  slot  has  only  a  minor  effect 
on  the  low  band  impedance  locus,  but  a  significant  effect  on  the  high  band  impe¬ 
dance  locus  as  expected. 

To  further  reduce  the  ratio  of  the  operating  frequencies  of  the  high  and 
low  band,  F^/F^,  in  addition  to  the  slots,  shorting  pins  can  be  inserted  along 
the  nodal  lines  of  the  (0,3)  mode  electric  field  as  illustrated  in  Figure  4. 

Due  to  limited  space  here,  only  a  few  typical  measured  impedance  loci  and 
radiation  patterns  for  both  bands  are  shown  in  "ignres  3,  5  and  6.  From  Figures 
3,  5  and  6,  it  is  seen  that  while  the  "resonant”  frequencies  are  changed  for 
both  bands  with  pins  and  slots,  in  general,  the  radiation  patterns  for  both 
bands  remain  primarily  the  same.  It  may  also  be  noted  that  the  input  impedance 
can  vary  widely  with  the  feed  position  and  one  is  therefore  free  to  choose  the 
feed  position  for  a  desired  impedance  without  undue  concern  about  its  effect  on 
the  pattern.  The  measured  gains  of  these  microstrip  antennas  as  compared  with 
those  of  a  A/2-tuned  dipole,  0.2\  over  a  ground  plane,  are  -0.5  to  -ldb  for  the 
low  band  and  -1.5  ~  2db  for  the  high  band. 

Table  1  summarizes  the  values  of  F^/F^  for  six  cases.  From  these  results, 

it  is  seen  that  in  general  the  slots  can  lower  F^  and  shorting  pins  raise  F^, 

resulting  in  a  variation  of  F  /F  from  3.02  to  1.31.  In  fact,  this  ratio 

H  L 

can  be  reduced  even  further  by  adding  more  pins  and  slots.  However  the 
effectiveness  of  adding  more  pins  and  slots  will  eventually  diminish.  Instead, 
we  find  that  the  ratio  F„/F,  can  be  reduced  to  about  1.07  by  using  a  C-shaped 
slot  (or  a  wrap-around  microstrip  line).  This  will  be  reported  in  Part  IV. 


CASE 

F  (MHz) 

Fh(MHz) 

Vfl 

A.  One  slot  »  1.0  cm  at  (9. 7, 7. 3) 

628 

1900 

3.02 

B.  One  slot  i -  3.0  cm  at  (9. 7, 7. 3) 

596  1 

1700 

2.85 

C.  Three  slots  l.  »  7.0  cm  L  a  L  »  3.0  cm 
at  (9. 7, 2. 4),  (9. 7, 7. 3)  and  (917,12.2) 

555 

1420 

2.55 

D.  Three  slots  *  ^2  ”  “  7.0  cm  at  the 

same  location  as  in  case  C. 

553 

1310 

2.36 

E.  Same  as  case  D  but  with  four  pins  as 
shown  in  Figure^  . 

698 

1087 

1.56 

F.  Same  as  case  E  with  six  additional  pins  at 
(3. 7, 2. 4),  (9. 7, 2. 4),  (15.7,2.4),  (3.7,12.2). 
(9.7,12.2)  and  (15.7,12.2) 

890 

1181 

1.31 

V.  CONCLUSION 

This  investigation  shows  that  a  single  rectangular  microstrip  antenna 
element  can  be  designed  to  perform  for  dual  frequency  bands  corresponding 
approximately  to  the  (0,1)  and  (0,3)  modes.  The  frequencies  of  both  bands  can 
be  tuned  over  a  wide  range,  with  their  ratio  from  3  to  less  than  1.3,  by  adding 
shorting  pins  and  slots  in  the  patch.  A  method  for  analyzing  these  antennas  has 
been  developed  and  treats  the  antenna  as  a  multi-port  cavity.  The  validity  of 
this  theory  is  verified  by  comparing  the  computed  impedance  .oci  and  radiation 
patterns  with  the  measured  for  a  few  simple  cases. 

As  a  design  guide,  in  general,  the  effect  of  slot  on  the  high-band  fre¬ 
quency  is  stronger  if  it  is  placed  where  the  high-order  modal  magnetic  field  is 
stronger,  and  the  effect  of  short  pin  on  the  low-band  frequency  is  stronger  if 
it  is  placed  where  the  low-order  modal  electric  field  is  stronger. 
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Figure  6b.  Measured  radiation  pattern  for  a  rectangular  microstrip  antenna 

with  3  slots  and  10  pins,  a  «  19.4  cm,  b  =  14.6  cm  and  t  =*  0.158  cm. 


Geometry  of  a  rectangular  microstrip  antenna  with  Idealized  feeds 
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Figure  2c.  Measured  and  computed  radiation  patterns  for  both  bands 
a  *  19.4  cm,  b  -  14.6  cm  and  t  ■  0.158  cm. 
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Figure  5a.  Measured  impedance  loci  for  a  rectangular  microscrip  antenna  with 
3  slots  and  4  pins,  a  ■  19.4  cm,  b  -  14.6  cm  and  t  -  0.158  cm. 


Figure  6b.  Measured  radiation  pattern  for  a  rectangular  microstrip  antenna 

with  3  slots  and  10  pins,  a  ■  19.4  era,  b  ■  14.6  cm  and  t  •  0.158  cm. 
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Introduction 

In  many  applications  it  is  desirable  to  have  a  single  element  microstrip 
antenna  capable  of  simultaneous  operation  at  two  different  bands.  For  two 
orthogonal  linear  polarizations,  the  solution  is  obvious  and  simple.  For  a 
single  linear  polarization,  there  are  a  few  possible  solutions.  In  particular, 
it  was  shown  [1]  that  by  cutting  slots  and/or  inserting  shorting  pins  in  the 
patch  the  ratio  of  the  two  frequency  bands  could  be  varied  from  3  to  1.3. 
However,  for  some  applications,  such  as  GPS,  a  smaller  ratio  is  required.  To 
that  end,  a  patch  with  a  c-shaped  slot  is  found  successful. 

A.  Simple  Theory  and  Some  Results 

A  rectangular  microstrip  antenna  with  a  c-shaped  slot  as  shown  in  Fig.  1 
can  be  analyzed  numerically  by  the  moment  method  [2],  In  this  communication  a 
simple  approximate  theory  is  attempted,  because  it  could  provide  much  physical 
insight  into  the  system  and  lead  to  a  better  design.  This  is  based  on  two  spec¬ 
ulations.  First,  for  thin  microstrip  antennas  a  strong  field  should  be  built  up 
under  the  patch.  Second,  the  structure  might  be  considered  as  a  parallel  con¬ 
nection  between  a  conventional  rectangular  microstrip  patch  antenna  (PA)  and  a 
wrap-around  microstrip  transmission  line  (TL).  From  the  first  observation, 
one  perhaps  could  neglect  the  difficult  problem  of  evaluating  the  coupling 
effect  between  PA  and  TL  and  obtain  a  useful  first-order  solution.  To  gain  some 
credence  to  this  approach,  the  impedance  character ist ics  of  the  PA  and  the  TL  in 
the  absence  as  well  as  in  the  presence  of  each  other  is  measured  as  shown  in 
Figs.  2  and  3.  Although  there  are  some  differences,  the  coupling  effect  appears 
to  be  not  serious. 

From  Reference  [3]  one  could  compute  the  input  impedance  of  the  PA.  The 
computed  susceptance,  Bp^,  for  the  patch  made  of  Rexolite  2200,  1/16"  thick  is 
shown  in  Fig.  4  with  its  dimensions.  Also  shown  is  the  susceptance  of  the 


wrapped  TL,  using  the  following  approximate  formula  [4],  [5], 


BTL  "  2  Yo  tan(ko  ^  V 


(1) 


where  eg  =  effective  permittivity  for  the  line 


J  [Cer  +  1)  +  (er  -  1)  (1  +  -^j"172]  , 


2 /e~  e  -  1 

Yo  *  irr  lit +  °-441  +  °*o82(— — ) 

e 

r 

+  t1*451  +  *n(ft  +  °*94)^  * 


er  =  relative  permittivity  of  the  substrate, 
d  =  width  of  the  TL, 

t  =  thickness  of  the  substrate, 
kQ  =  free-space  wave  number, 

=  effective  TL  length  =  average  of  one  half  of  the  rectangular 
ring  length. 

Because  of  the  symmetry  in  this  case,  the  rectangular  ring  TL  can  be  considered 
as  two  open  lines,  each  being  one  half  the  ring,  in  parallel,  which  lead  to  the 
simple  Eq.  (1).  In  this  simple  computation,  the  discontinuities  at  the  bends 
and  T-junction  are  neglected.  The  two  adjacent  resonant  frequencies  of  the  TL 
are  indicated  by  and  F2  and  that  of  the  PA  by  Fq.  As  seen  from  the  figure, 
with  the  two  connected  in  parallel,  the  resonant  frequencies  should  occur  at 
F^  =  1.17  -  1.19  GHz  and  F^  =  1.336  -  1.344  GHz.  These  predicted  values, 
despite  the  simple  rough  theory,  agree  very  well  with  the  experimentally 
measured  values  of  1.174  and  1.335  GHz,  respectively,  as  shown  in  Fig.  5. 


The  values  of  the  input  impedances  at  the  junction  point  between  the  PA  and 


TL  shown  in  Fig.  5  are  not  desirable.  Much  improved  values,  for  example,  for 
matching  to  a  50  £2  line  for  both  bands,  can  be  obtained  by  moving  the  feed 
inside  the  patch  as  shown  in  Fig.  6.  A  more  rigorous  approach  for  this  case  can 
be  made  by  using  the  multiple  port  theory  [ 6 J .  This  will  be  reported  elsewhere 
later.  The  radiation  patterns  are  essentially  those  of  the  PA  alone  as  shown  in 
Figs.  7  and  8. 

For  this  method,  the  PA  resonant  frequency  Fq  must  be  between  the  two  adja¬ 
cent  resonant  frequencies  F^  and  F2  of  the  TL.  The  separation  between  Fj^  and 
F2  is  inversely  proportional  to  £  of  the  TL: 

Fj  -  F2  =  v/4 le 

g  _ 

where  v  =  3  x  10  //*T^  if  is  in  meters.  Thus  to  reduce  the  ratio 
general  £g  shall  be  increased.  This  is  shown  in  Tables  1  and  2  for  a  =  99  mm, 

b  =  77  mm,  w  =  =  a2  =  b^  =  b2  =  6  mm.  First  it  is  seen  that  the  ratio  for 

this  example  can  be  reduced  to  as  small  as  1.05.  Second,  the  ratio  does  not 
necessarily  decrease  as  £g  increases  as  in  Table  2.  This  could  be  caused  by  the 
unknown  coupling  effect  since  the  gap  A  between  the  PA  and  the  TL  is  much 
smaller  in  this  case.  Furthermore,  the  input  susceptance  of  the  PA  is  not  that 
of  a  simple  parallel  resonant  circuit  or  TL  (3). 

There  are  many  possible  ways  to  tune  or  to  change  the  ratio  of  F„  and  F,  . 

For  example,  if  a  =  99  mm,  b  =  77  mm,  a^  =  a2  =  28  mm,  w  =  5  mm,  and  A  =  2  mm, 

the  ratio  F^/F^  can  be  varied  with  b^  and  b2  as  shown  in  Table  3.  Shorting 
pins,  a  short  tab,  or  a  varactor  if  placed  on  the  TL,  for  example,  at 
x=a^+A+-j,  y=b+  2(A  +  b^),  can  obviously  be  used  for  tuning  F^  and  F^. 
These  results  are  deleted  for  brevity. 


TABLE  1 

VARIATION  OF  OPERATING  FREQUENCIES  F,  AND  F„  WITH  TL  LENGTH  l 


A  (mm) 

81 

86 

88.5 

(mm) 

350 

360 

365 

Fh  (MHz) 

1280 

1244 

1235 

Fl  (MHz) 

1190 

1174 

1180 

F  /F 

H'  L 

1.075 

1.06 

1.05 

TABLE  2 

VARIATION  OF  OPERATING  FREQUENCIES  FT  AND  FtI  WITH  TL  LENGTH  l 


£  (mm) 


Ft  (MHz) 


38.5 

36 

31 

23.5 

16 

9 

265 

260 

250 

235 

220 

206 

1199 

1204 

1216 

1236 

1225 

1312 

955 

980 

996 

1071 

1103 

1164 

1.255 

1.228 

1.22 

1.154 

1.137 

1.126 

TABLE  3 

VARIATION  OF  OPERATING  FREQUENCIES  F,  AND  Fu  WITH  TL  WIDTH  b,  AND  b„ 


b^  (mm) 

23 

15.5 

8 

.  (mm) 
b2 

23 

15.5 

8 

Fh  (MHz) 

1228 

1210 

1215 

Fl  (MHz) 

976 

990 

1055 

F  /F 

H/rL 

1.258 

1.22 

1.15 

Conclusion 


Several  means  are  found  for  tuning  a  single  element  dual-frequency 
microstrip  antenna.  Its  structure  is  only  slightly  larger  than  a  conventional 
single  frequency  band  patch  antenna.  A  simple  theory  is  found  capable  of  pre¬ 
dicting  the  two  frequency  bands  quite  accurately  and  also  provides  much  physical 
insight  into  the  operation  mechanism.  From  this  theory  it  is  obvious  that 
this  technique  can  be  applied  to  patch  antennas  of  other  geometries  as  well. 
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GROUNO  PLANE 


Figure  1.  A  rectangular  microstrip  antenna  with  a  c-shaped  slot. 


2.  Impedance  loci  of  the  rectangular  ring-shaped  transmission 

line  iii  the  absence  ( - )  of  the  patch  antenna  and  in  the 

presence  ( - )  of  the  patch  antenna,  a  =  99  mm,  b  =  77  mm 

gi  *  3n  3  10  mm ,  bi  3  bn  3  3  mm ,  t  1.58  mm ,  A  —  2  mm , 


Computed  and  measured  susceptance  of  the  patch  antenna  and  that  of  the  ring 
microstrip  line  patch  dimensions:  a  =  99  mm,  b  =  77  mm,  and  line  dimensions 


Figure  7.  Radiation  patterns  for  the  low  operating  frequency 

Fl  *  1055  MHz.  Dimensions  of  the  antenna  are  the  same 
as  those  in  Fig.  6. 
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